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"CTUSBDU
5IFSF IBT CFFO B TJHOJàDBOU FGGPSU UP EFTJHO OBOPQIPUPOJD TUSVDUVSFT UIBU QSPDFTT JNBHFT BU UIF
TQFFE PG MJHIU� " QSPUPUZQJDBM FYBNQMF JT JO FEHF EFUFDUJPO XIFSF QIPUPOJD�DSZTUBM�
NFUBTVSGBDF� BOE QMBTNPO�CBTFE EFTJHOT IBWF CFFO QSPQPTFE BOE JO TPNF DBTFT FYQFSJNFOUBMMZ
EFNPOTUSBUFE� *O UIJT XPSL XF TIPX UIBU NVMUJMBZFS PQUJDBM JOUFSGFSFODF DPBUJOHT DBO BDIJFWF
WJTJCMF�GSFRVFODZ FEHF EFUFDUJPO JO USBOTNJTTJPO XJUI IJHI OVNFSJDBM BQFSUVSF UXP�EJNFOTJPOBM
JNBHF GPSNBUJPO BOE TUSBJHIUGPSXBSE GBCSJDBUJPO UFDIOJRVFT VOJRVF BNPOH BMM OBOPQIPUPOJD
BQQSPBDIFT� 8F TIPX UIBU UIF DPOWFOUJPOBM -BQMBDJBO�CBTFE USBOTNJTTJPO TQFDUSVN NBZ OPU CF
JEFBM PODF UIF TDBUUFSJOH QIZTJDT PG SFBM EFTJHOT JT DPOTJEFSFE BOE TIPX UIBU CFUUFS QFSGPSNBODF
DBO CF BUUBJOFE XJUI BMUFSOBUJWF TQBUJBM àMUFS GVODUJPOT� 0VS EFTJHOT DPNQSJTJOH BMUFSOBUJOH
MBZFST PG 4J BOE 4J0� XJUI UPUBM UIJDLOFTTFT PG POMZ ≈� µN EFNPOTUSBUF UIF QPTTJCJMJUZ GPS
PQUJNJ[FE NVMUJMBZFS àMNT UP BDIJFWF TUBUF�PG�UIF�BSU FEHF EFUFDUJPO BOE NPSF CSPBEMZ BOBMPH
PQUJDBM JNQMFNFOUBUJPOT PG MJOFBS PQFSBUPST�

4VQQMFNFOUBSZ NBUFSJBM GPS UIJT BSUJDMF JT BWBJMBCMF POMJOF

,FZXPSET� PQUJDBM DPNQVUJOH NVMUJMBZFS àMNT JOUFSGFSFODF DPBUJOHT
DPNQVUBUJPOBM PQUJNJ[BUJPO FEHF EFUFDUJPO

	4PNF àHVSFT NBZ BQQFBS JO DPMPVS POMZ JO UIF POMJOF KPVSOBM


�� *OUSPEVDUJPO

*O UIJT BSUJDMF XF TIPX UIBU PQUJNBMMZ EFTJHOFE NVMUJMBZFS
EJFMFDUSJD àMNT DBO BDIJFWF IJHI�OVNFSJDBM�BQFSUVSF PQUJDBM
FEHF EFUFDUJPO� *O B UZQJDBM TDFOBSJP POF NJHIU IBWF B TDFOF
PS PCKFDU JMMVNJOBUFE CZ B MBTFS PS OBSSPX�CBOEXJEUI TPVSDF
JO XIJDI DBTF BO PQUJDBM EFWJDF UIBU HFOFSBUFT BO JNBHF PG
FEHFT PGGFST UIF QSPTQFDU GPS TQFFE�PG�MJHIU EFUFDUJPO <�m��>�

∗
"VUIPS UP XIPN BOZ DPSSFTQPOEFODF TIPVME CF BEESFTTFE�

0SJHJOBM $POUFOU GSPN UIJT XPSL NBZ CF VTFE VOEFS UIF
UFSNT PG UIF $SFBUJWF $PNNPOT "UUSJCVUJPO ��� MJDFODF� "OZ

GVSUIFS EJTUSJCVUJPO PG UIJT XPSL NVTU NBJOUBJO BUUSJCVUJPO UP UIF BVUIPS	T
 BOE
UIF UJUMF PG UIF XPSL KPVSOBM DJUBUJPO BOE %0*�

0G UIF NBOZ FEHF�EFUFDUJPO EFTJHOT UP EBUF <�m��> OPOF
PGGFST BMM GPVS PG� IJHI OVNFSJDBM BQFSUVSF UXP�EJNFOTJPOBM
JNBHF GPSNBUJPO UIF QSPTQFDU GPS SFBMJTUJD GBCSJDBUJPO BOE
USBOTNJTTJPO�NPEF PQFSBUJPO� .VMUJMBZFS àMNT BSF DPN�
NPOMZ GBCSJDBUFE UP IJHI QSFDJTJPO GPS XJEF�SBOHJOH BQQMJD�
BUJPOT <�� ��> BOE HVBSBOUFF B UXP�EJNFOTJPOBM àFME PG WJFX
CZ UIFJS SPUBUJPOBM TZNNFUSZ� 5IVT UIF LFZ RVFTUJPO JT XIFUIFS
UIFZ DBO BDIJFWF IJHI�àEFMJUZ USBOTNJTTJPO�NPEF�CBTFE FEHF
EFUFDUJPO GPS B MBSHF OVNFSJDBM BQFSUVSF XIJDI XF TIPX JT
JOEFFE QPTTJCMF XJUI TUSVDUVSBM PQUJNJ[BUJPO� 5IF DBOPOJDBM
BQQSPBDI UP BDIJFWJOH FEHF�EFUFDUJPO CFIBWJPS <�� ��> JT UP
UBSHFU B USBOTNJTTJPO QSPàMF UIBU TDBMFT XJUI L�ρ GPS JO�QMBOF
XBWFWFDUPS Lρ BT TVDI B QSPàMF XJMM NJNJD UIF FGGFDU PG UIF
JO�QMBOF -BQMBDJBO PQFSBUPS ∇�

⊥ PO UIF JODPNJOH àFME� 8F
TIPX UIBU UBSHFUJOH TVDI B RVBESBUJD QSPàMF XJUI B NVMUJMBZFS

��������������������������� 1SJOUFE JO UIF 6, � ¥ ���� 5IF "VUIPS	T
� 1VCMJTIFE CZ *01 1VCMJTIJOH -UE
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TUSVDUVSF DBO TVDDFTTGVMMZ QSPEVDF BO FGGFDUJWF EFTJHO� :FU
UIF EFTJHO JT JNQFSGFDU BOE UIF SFRVJSFNFOU PG B L�ρ QSPàMF
JT BO PWFS�QSFTDSJQUJPO PG UIF SFTQPOTF GVODUJPO� "OZ USBOTNJT�
TJPO SFTQPOTF UIBU BDUT BT B IJHI�QBTT àMUFS J�F� XIJDI àMUFST
PVU TNBMM TQBUJBM GSFRVFODJFT 	DPSSFTQPOEJOH UP OFBSMZ DPO�
TUBOU JO�QMBOF TQBUJBM NPEFT
 DBO QSPEVDF IJHI�RVBMJUZ FEHFT�
5P EFNPOTUSBUF UIJT XF TIPX UIBU B USBOTNJTTJPO QSPàMF UIBU
TDBMFT BT UIF DVCF PG UIF JODJEFOU BOHMF ∼θ� DBO QSPEVDF
FWFO IJHIFS�RVBMJUZ JNBHFT GPS UIF TBNF EFTJHO QBSBNFUFST�
0VS EFTJHOT PGGFS UIF IJHIFTU UIFPSFUJDBM QFSGPSNBODF UP EBUF
TIPVME CF TUSBJHIUGPSXBSE UP GBCSJDBUF BOE SFWFBM UIF QPUFOUJBM
PG TVDI NVMUJMBZFS TUSVDUVSFT GPS BOBMPH PQUJDBM EFWJDFT�

5IF FTTFOUJBM GFBUVSF PG PQUJDBM BOBMPH FEHF EFUFDUJPO BT
TIPXO JO àHVSF � JT UP FOHJOFFS UIF MJHIU àFME PG B DPIFS�
FOU JNBHF JTPMBUJOH JUT FEHFT JO UIF USBOTNJTTJPO PS SFáFD�
UJPO TQFDUSVN PG BO PQUJDBM EFWJDF� " DMBTTJD BQQSPBDI <��>
UP BOBMPH FEHF EFUFDUJPO JT UP VTF B MFOT UP 'PVSJFS USBOTGPSN
UIF JODPNJOH XBWFT BOE BO BQFSUVSF UP àMUFS PVU UIF MPX JO�
QMBOF XBWFWFDUPS DPNQPOFOUT XJUI UXP GSFF�TQBDF QSPQBHB�
UJPO SFHJPOT UP BMMPX UIF FWPMVUJPO PG UIF XBWF àFME UP BDIJFWF
UIF 'PVSJFS BOE JOWFSTF�'PVSJFS USBOTGPSNT� 5IF LFZ ESBXCBDL
JT UIBU UIF TFUVQ NVTU CF MBSHF BOE CVMLZ UP BDDPNNPEBUF
UIF GSFF�TQBDF QSPQBHBUJPO� "O FNFSHJOH BMUFSOBUJWF JT UP VTF
DPIFSFOU TDBUUFSJOH FGGFDUT UP JTPMBUF FEHFT JO B NPSF DPNQBDU
EFWJDF BSDIJUFDUVSF JODMVEJOH QIPUPOJD�DSZTUBM TMBCT <� � ��>
EJFMFDUSJD NFUBTVSGBDFT <� � �> QMBTNPOJD àMNT <� �> EJFMFD�
USJD JOUFSGBDF <��> BOE TQMJU�SJOH�SFTPOBUPS NFUBNBUFSJBMT <�>�
5IF JODPNJOH àFME GPS B HJWFO QPMBSJ[BUJPO BU B GSFRVFODZ PG
JOUFSFTU DBO CF XSJUUFO BT B MJOFBS DPNCJOBUJPO PG QMBOF XBWFT´
&JO(Lρ)FJ(Lρρ+L[[) ELρ� 0OF NFUIPE UP JEFOUJGZ FEHFT JT UP

USZ UP JEFOUJGZ B TUSVDUVSF XIPTF XBWFWFDUPS�EFQFOEFOU USBOT�
NJTTJPO PS SFáFDUJPO NJNJDT UIF JO�QMBOF -BQMBDJBO PQFSBUPS
∇�

⊥� *O UIF TQBUJBM 'PVSJFS TQBDF UIF -BQMBDJBO DPSSFTQPOET
UP NVMUJQMZJOH UIF JODPNJOH QMBOF XBWFT CZ L�ρ TVQQSFTTJOH
MPX TQBUJBM GSFRVFODJFT SFMBUJWF UP IJHI POFT� 5IF FGGFDUJWF�
OFTT PG UIF -BQMBDJBO DBO CF BUUSJCVUFE UP UIF GBDU UIBU FEHFT BSF
IJHI�TQBUJBM�GSFRVFODZ DPNQPOFOUT PG JNBHFT XIFSFBT B MPX�
DPOUSBTU CBDLHSPVOE DPNQSJTFT QSJNBSJMZ MPX TQBUJBM GSFRVFO�
DJFT� "MUIPVHI UIF EFWJDFT EJTDVTTFE BCPWF <�m��> IBWF TIPXO
UIF QPTTJCJMJUZ GPS EJTDSJNJOBUJOH FEHFT XJUIJO BO JNBHF
UIFSF IBWF CFFO LFZ ESBXCBDLT UP FBDI BQQSPBDI� UIFZ IBWF
CFFO MJNJUFE UP POF�EJNFOTJPOBM 	PS QBSUJBM�UXP�EJNFOTJPOBM

JNBHF GPSNBUJPO <� � � �> OPO�JEFBM SFáFDUJPO�NPEF PQFS�
BUJPO <� � � ��> TNBMM OVNFSJDBM BQFSUVSF <� � � �m��>
BOE�PS IBSE�UP�GBCSJDBUF TUSVDUVSFT <�>�

�� 0QUJNJ[BUJPO NFUIPE

.VMUJMBZFS àMNT 	J�F� PQUJDBM JOUFSGFSFODF DPBUJOHT
 IBWF XFMM�
FTUBCMJTIFE GBCSJDBUJPO UFDIOJRVFT <�� ��> BOE UIFJS PQUJDBM
SFTQPOTF JT OFDFTTBSJMZ JTPUSPQJD VOEFS SPUBUJPOT BSPVOE UIFJS
QSPQBHBUJPO BYJT� 5IVT JG UIFJS USBOTNJTTJPO DPFGàDJFOUT DBO
CF PQUJNJ[FE UP IBWF UIF SJHIU QSPàMF UIFZ DBO TJNVMUBO�
FPVTMZ TBUJTGZ UIF GPVS LFZ SFRVJSFNFOUT 	IJHI /" �% àFME PG
WJFX TJNQMF GBCSJDBUJPO BOE USBOTNJTTJPO�NPEF PQFSBUJPO
�
8F EFàOF B UBSHFU USBOTNJTTJPO DPFGàDJFOU UUBSHFU BT B GVODUJPO
PG BOHMF 	PS FRVJWBMFOUMZ JO�QMBOF XBWFWFDUPS
 XIJDI TFSWFT

BT UIF JEFBM USBOTNJTTJPO GVODUJPO GPS FEHF EFUFDUJPO� 8F UBLF
UIF BMMPXFE NBUFSJBMT JO UIF NVMUJMBZFS UP CF HJWFO BOE VTF
UIF UIJDLOFTTFT PG UIF DPSSFTQPOEJOH MBZFST X" GPS FBDI MBZFS
" UP CF UIF EFTJHOBCMF EFHSFFT PG GSFFEPN� 0VS PQUJNJ[BUJPO
QSPCMFN UIFO JT UP NJOJNJ[F UIF FSSPS CFUXFFO UIF EFTJHOFE
BOE UBSHFUFE USBOTNJTTJPO DPFGàDJFOUT PWFS B TVGàDJFOUMZ EFOTF
EJTDSFUF TFU PG JODPNJOH BOHMFT θ�

NJO
X"

∑

θ

|U(θ;X")− UUBSHFU(θ)|� , 	�


XIFSF U(θ;X") JT UIF USBOTNJTTJPO DPFGàDJFOU PG B HJWFO NVM�
UJMBZFS TUBDL� 0OF DBO PQUJNJ[F UIF USBOTNJTTJPO DPFGàDJFOU
GPS FEHF�JNBHF GPSNBUJPO BU BOZ PVUQVU QMBOF CFZPOE UIF NVM�
UJMBZFS� UP EFNPOTUSBUF IPX DPNQBDU UIJT BQQSPBDI DBO CF XF
UBLF UIF JNBHF QMBOF UP CF UIF FYUFSJPS PG UIF SFBS TVSGBDF JUTFMG�

'PS PQUJNJ[BUJPO PG B MBSHF OVNCFS PG MBZFST POF NVTU CF
BCMF UP SBQJEMZ DPNQVUF HSBEJFOUT PG UIF PCKFDUJWF GVODUJPO
FRVBUJPO 	�
 XJUI SFTQFDU UP UIF NBOZ EFHSFFT PG GSFFEPN�
)FSF XF CSJFáZ PVUMJOF IPX UIF HSBEJFOUT BSF DPNQVUFE VTJOH
B NFUIPE TJNJMBS UP UIBU PG UIF AOFFEMF� BQQSPBDI UP NVMUJMBZFS�
àMN EFTJHO <��m��>� *O B NVMUJMBZFS NFEJVN UIF DPOUJOV�
PVT USBOTMBUJPOBM BOE SPUBUJPOBM TZNNFUSZ QSFWFOUT DPVQMJOH
CFUXFFO EJGGFSFOU JO�QMBOF XBWFWFDUPST� "U FBDI XBWFWFDUPS
UIF TUBOEBSE NBUSJY BQQSPBDI <��> DPOOFDUT UIF GPSXBSE� BOE
CBDLXBSE�HPJOH XBWF BNQMJUVEFT JO UIF JODJEFOU SFHJPO UP
UIF FRVJWBMFOU BNQMJUVEFT JO UIF USBOTNJTTJPO SFHJPO UISPVHI
NBUSJDFT 1" BOE %" BOE UIBU SFQSFTFOU QSPQBHBUJPO UISPVHI
BOE JOUFSGBDF SFáFDUJPOT BU MBZFS "� 5IF SFáFDUJPO DPFGàDJFOU S
BOE USBOTNJTTJPO DPFGàDJFOU U TBUJTGZ UIF NBUSJY FRVBUJPO <��>�
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XIFSF UIF A�� PO UIF MFGU�IBOE TJEF SFQSFTFOUT UIF JODJEFOU�
XBWF OPSNBMJ[BUJPO BOE UIF SFáFDUJPO DPFGàDJFOU USBOTNJT�
TJPO DPFGàDJFOU BOE UIF NBUSJDFT 1" BOE %" BMM WBSZ XJUI
XBWFWFDUPS Lρ� 0OF DBO UIFO TPMWF GPS S BOE U GSPN UIF DPN�
QPOFOUT PG UIF. NBUSJY� JO QBSUJDVMBS U JT HJWFO CZ U= �/.��

<��>� 5IF EFSJWBUJWF PG U XJUI SFTQFDU UP UIF UIJDLOFTT PG SFHJPO
J JT UIFO HJWFO CZ EU/EXJ =−(�/.�

��)E.��/EXJ� " DIBOHF JO
UIF UIJDLOFTT PG MBZFS J XIJMF LFFQJOH BMM PUIFS MBZFS UIJDL�
OFTTFT àYFE EPFT OPU BGGFDU JOUFSGBDF USBOTNJTTJPO BOE SFáFD�
UJPO BOE XJMM POMZ JODVS DIBOHFT JO UIF QSPQBHBUJPO NBUSJY 1J
JO UIF QSPEVDU PG FRVBUJPO 	�
� 5IF EFSJWBUJWF PG UIF . NBUSJY
DBO UIFO CF XSJUUFO�
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XIJDI DBO CF SBQJEMZ DPNQVUFE�

�� 3FTVMUT

'JHVSF � EFNPOTUSBUFT UIF DBQBCJMJUZ GPS IJHI�FGàDBDZ FEHF
EFUFDUJPO XJUI B DPNQVUBUJPOBMMZ PQUJNJ[FE NVMUJMBZFS TUBDL�
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'JHVSF �� 	B
 *MMVTUSBUJPO PG FEHF EFUFDUJPO XJUI NVMUJMBZFS àMNT� 	C
 &EHF EFUFDUJPO DBO CF BDIJFWFE CZ FOHJOFFSJOH UIF USBOTNJTTJPO
TQFDUSVN JO 'PVSJFS TQBDF� 'PS B DPIFSFOU JODJEFOU XBWF EFDPNQPTFE JOUP JUT QMBOF�XBWF DPOTUJUVFOUT MBCFMFE CZ JO�QMBOF XBWFWFDUPS Lρ
UIF USBOTNJTTJPO DPFGàDJFOU U(Lρ) EFUFSNJOFT UIF JNBHF BU UIF PVUQVU QMBOF�

'JHVSF �� .VMUJMBZFS FEHF�EFUFDUJPO EFTJHOT GPS PQFSBUJOH XBWFMFOHUI PG ��� ON� 	B
 *OQVU JNBHF XJUI FEHFT PSJFOUFE JO FWFSZ EJSFDUJPO�
	C
 0QUJNBM EFTJHO GPS B UBSHFU USBOTNJTTJPO DPFGàDJFOU QSPQPSUJPOBM UP UIF TRVBSF PG UIF JO�QMBOF XBWFWFDUPS� 5IF EFTJHO DPNQSJTFT
BMUFSOBUJOH MBZFST PG 4J BOE 4J0�� 	D
 5SBOTNJTTJPO DPFGàDJFOUT JO NBHOJUVEF BOE QIBTF PG UIF UBSHFU BOE PQUJNBM EFTJHOT TIPXJOH DMPTF
CVU JNQFSGFDU DPSSFTQPOEFODF� 	5IF UBSHFU EFTJHO IBT QIBTF � BU BMM θ�
 "U HMBODJOH JODJEFODF θ → ��◦ BOZ NVMUJMBZFS àMN NVTU IBWF [FSP
USBOTNJTTJPO CVU UIF NVMUJMBZFS EFTJHO JT BCMF UP BDIJFWF JODSFBTJOH USBOTNJTTJPO VQ UP ��◦ DPSSFTQPOEJOH UP BO /" PG ����� 	E
 0VUQVU
JNBHF DMFBSMZ TIPXJOH FEHFT XJUI NJOJNBM CBDLHSPVOE OPJTF PS JOUFSGFSFODF� 	F
m	H
 4BNF QMPUT BT 	C
m	E
 CVU GPS B UBSHFU USBOTNJTTJPO
DPFGàDJFOU QSPQPSUJPOBM UP UIF DVCF PG UIF JODJEFOU BOHMF EFNPOTUSBUJOH UIBU PUIFS TQBUJBM àMUFS GVODUJPOT DBO EFNPOTUSBUF BT HPPE PS CFUUFS
QFSGPSNBODF BT UIF RVBESBUJD -BQMBDJBO TQFDUSVN�

8F DPOTJEFS VQ UP �� BMUFSOBUJOH MBZFST PG 4J BOE 4J0� XJUI
SFGSBDUJWF JOEJDFT �.��+ �.��J BOE ���� SFTQFDUJWFMZ GPS MJHIU
JODJEFOU BU ��� ON XBWFMFOHUI� 8F DIPPTF NBUFSJBMT TVDI
BT TJMJDPO GPS UIFJS MBSHF SFGSBDUJWF JOEJDFT XIJDI GBDJMJUBUFT
TUSPOHFS JOUFSBDUJPOT XJUI MJHIU <��> BOE IJHI�QFSGPSNBODF
EFTJHOT� "MUIPVHI POF NJHIU CF DPODFSOFE BCPVU UIF MPTTJ�
OFTT PG TJMJDPO UIF EFTJHOT BSF VMUSB�UIJO XJUI UPUBM TJMJDPO
UIJDLOFTTFT PO UIF PSEFS PG IBMG B NJDSPO XFMM CFMPX UIF
�� µN BCTPSQUJPO EFQUI PG TJMJDPO BU ��� ON XBWFMFOHUI�

	*O UIF 4. XF TIPX RVBOUJUBUJWFMZ UIBU UIF MPTTJOFTT PG
TJMJDPO QMBZT MJUUMF SPMF JO UIF VMUJNBUF QFSGPSNBODF PG PVS
EFTJHOT�
 5P QFSGPSN UIF PQUJNJ[BUJPO XF VTF UIF HSBEJ�
FOU DPNQVUFE WJB FRVBUJPO 	�
 JO B MPDBM HSBEJFOU�CBTFE
JOUFSJPS�QPJOU NFUIPE <��m��> UIBU JT SVO VOUJM DPOWFSHFODF�
4JNVMBUJPOT PG JNBHF GPSNBUJPO BSF EPOF CZ 'PVSJFS USBOT�
GPSNJOH UIF JODJEFOU àFME NVMUJQMZJOH CZ UIF XBWFWFDUPS�
EFQFOEFOU USBOTNJTTJPO BOE UIFO JOWFSTF 'PVSJFS USBOTGPSN�
JOH BU UIF PVUQVU QMBOF� "T PVS JOQVU XF DPOTJEFS B :BMF MPHP

�
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'JHVSF �� 8JEUI EJTUSJCVUJPOT PG UIF EFUFDUFE FEHFT GPS UIF UXP UBSHFU USBOTNJTTJPO DPFGàDJFOUT EFQJDUFE JO àHVSF �� 	B
 	C
 0VUQVU JNBHFT
	UPQ
 BOE EJTUSJCVUJPOT PG FEHFT BMPOH BO FYBNQMF MJOF 	CPUUPN
 GPS 	B
 UUBSHFU ∝ Lρ� BOE 	C
 UUBSHFU ∝ θ� SFTQFDUJWFMZ� 5IF FEHF XJEUIT BSF
EFàOFE BT UIF XJEUIT PWFS XIJDI UIF JOUFOTJUZ TVSQBTT UIF OPJTF MFWFM� 	D
 )JTUPHSBN PG XJEUIT JO FBDI BQQSPBDI TIPXJOH UIBU UIF
DVCJD�JO�BOHMF UBSHFU DPFGàDJFOU ZJFMET TMJHIUMZ CFUUFS SFTVMUT J�F� OBSSPXFS FEHFT UIBO UIF RVBESBUJD�JO�XBWFWFDUPS UBSHFU DPFGàDJFOU�
/PO�RVBESBUJD UBSHFU GVODUJPOT DBO CF TVQFSJPS XIFO BDDPVOUJOH GPS UIF TDBUUFSJOH QSPQFSUJFT PG SFBM QIZTJDBM JNQMFNFOUBUJPOT�

DPOUBJOJOH FEHFT PSJFOUFE JO BMNPTU FWFSZ EJSFDUJPO� 8F UBLF
UIF JNBHF UP PDDVQZ B OVNFSJDBM BQFSUVSF PG ≈ ���� DPSSFT�
QPOEJOH UP QPMBS BOHMFT SBOHJOH GSPN �◦ UP ��◦�

*O POF TFU PG PQUJNJ[BUJPOT XF UBSHFU B -BQMBDJBO�CBTFE
USBOTNJTTJPO DPFGàDJFOU GVODUJPO HJWFO CZ UUBSHFU(θ) = αL�ρ
XIFSF α JT B DPOTUBOU PQUJNJ[BUJPO IZQFSQBSBNFUFS� *EFBM
EFTJHO XPVME IBWF CPUI QPMBSJ[BUJPOT GPMMPX UIF MJOFTIBQF PG
UUBSHFU� JO QSBDUJDF IPXFWFS XF àOE UIBU TVDI EFTJHOT BQQFBS
UP CF JNQPTTJCMF UP BDIJFWF JO UIF NVMUJMBZFS GPSN GBDUPS� "O
BMUFSOBUJWF TPMVUJPO IBMWJOH UIF CSJHIUOFTT JT UP GVMMZ SFáFDU
POF QPMBSJ[BUJPO BOE QFSGPSN UIF àMUFSJOH PQFSBUJPO JO UIF
USBOTNJTTJPO TQFDUSVN PG UIF PUIFS QPMBSJ[BUJPO� 	/PUF UIBU UIF
PSJFOUBUJPOT PG UIF VTVBM T BOE Q QPMBSJ[BUJPOT PG QMBOF XBWFT
BSF XBWFWFDUPS�EFQFOEFOU BOE B MJOFBSMZ QPMBSJ[FE JODPN�
JOH XBWF DPOUBJOT FBDI�
 "GUFS SVOOJOH UIF PQUJNJ[BUJPO GPS
NBOZ WBMVFT PG α BOE NBOZ MBZFS�UIJDLOFTT JOJUJBMJ[BUJPOT
UIF EFTJHO TIPXO JO àHVSF �	C
 TMJHIUMZ NPSF UIBO � µN JO
UPUBM UIJDLOFTT FNFSHFT BT PQUJNBM 	DG 4. GPS EFUBJMFE EFTJHO
EBUB JODMVEJOH UIJDLOFTTFT PG UIF PQUJNBM EFTJHOT
� 'JHVSF �	D

TIPXT UIF BDUVBM USBOTNJTTJPO DPFGàDJFOU PG UIF EFTJHO 	SFE
BOE HSFFO MJOFT
 DPNQBSFE UP UIF UBSHFU 	CMVF
� 5IF USBOTNJT�
TJPO PG T�QPMBSJ[FE XBWFT JT OFBSMZ � GPS BMM JODJEFOU BOHMFT
	SFE EBTIFE MJOF
 TP POMZ Q�QPMBSJ[FE XBWFT 	SFE TPMJE MJOF

DPOUSJCVUF UP UIF àOBM FEHF EFUFDUJPO� 5IF UBSHFUFE RVBESBUJD
L�ρ EJTUSJCVUJPO JT OPU FYBDUMZ NJNJDLFE CVU UIF WBSJBUJPO JO
QIBTF JT MFTT UIBO π PWFS UIF XIPMF BOHVMBS SBOHF XIJDI
FOTVSFT FGGFDUJWF JOUFSGFSFODF BU UIF JNBHF QMBOF� *OUFSFTUJOHMZ
UIF CFIBWJPS PG UIF USBOTNJTTJPO JO UIF VMUSB�IJHI�BOHMF SBOHF
CFUXFFO ��◦ UP ��◦ TIPXT UIF EJGàDVMUZ PG EFTJHOJOH IJHI�/"
FEHF�EFUFDUJPO EFWJDFT JO USBOTNJTTJPO NPEF� BOZ NVMUJMBZFS
EJFMFDUSJD àMN XJMM UFOE UPXBSET QFSGFDU SFáFDUJPO BU HMBO�
DJOH JODJEFODF 	��◦
 JO XIJDI DBTF UIF EFTJHO PG B RVBESBUJD
USBOTNJTTJPO QSPàMF UIBU JODSFBTFT GSPN � UP B NBYJNVN BU
TBZ ��◦ JT IJHIMZ VOOBUVSBM BOE IBSE UP BDIJFWF� $POWFSTFMZ
EFTJHOJOH SFáFDUJPO�NPEF EFTJHOT JT TJHOJàDBOUMZ TJNQMFS� :FU

USBOTNJTTJPO JT UIF JEFBM PQFSBUJPOBM NPEF GPS IJHI�TQFFE FEHF
EFUFDUJPO BOE UIF EFTJHOT QSFTFOUFE JO àHVSF � BDIJFWF UIJT
XJUI IJHI àEFMJUZ BU IJHI /" 	����
� 5IF JOUFOTJUZ PG UIF PVU�
QVU àFME JT TIPXO JO àHVSF �	E
 XIFSF POF DBO TFF UIBU UIF
FEHFT PSJFOUFE JO BMM EJSFDUJPOT BSF DMFBSMZ SFTPMWBCMF�

"T NFOUJPOFE JO UIF JOUSPEVDUJPO FEHF EFUFDUJPO SFRVJSFT
HPPE àMUFSJOH PG UIF TQBUJBM GSFRVFODJFT PG UIF JODPNJOH XBWF
CVU TVDI àMUFSJOH EPFT OPU OFDFTTBSJMZ SFRVJSF UIF∼L�ρ EFQFOE�
FODF PG UIF -BQMBDJBO PQFSBUPS� 5IF EJTDSFQBODZ CFUXFFO UIF
PQUJNBM�EFTJHO USBOTNJTTJPO DPFGàDJFOU BOE UIBU PG UIF UBS�
HFU JO àHVSF �	D
 TVHHFTUT UIBU JU NBZ CF JNQPTTJCMF GPS NVM�
UJMBZFS TUSVDUVSFT UP BDIJFWF QFSGFDU RVBESBUJD TDBMJOH PG UIFJS
USBOTNJTTJPO DPFGàDJFOUT BMPOHTJEF NJOJNBM QIBTF WBSJBUJPOT
XIJDI XPVME JNQMZ UIBU UIF PQUJNBM EFTJHO PG àHVSF �	C
 NBZ
IBWF QBJE TPNF QFOBMUZ JO BUUFNQUJOH UP NJOJNJ[F UIF EJGGFS�
FODF XJUI B RVBESBUJD UBSHFU JOTUFBE PG TJNQMZ BJNJOH GPS HPPE
àMUFSJOH QSPQFSUJFT�

*O àHVSF �	F
 XF TIPX BO BMUFSOBUJWF EFTJHO UIBU FNFSHFE
GPS B UBSHFU USBOTNJTTJPO DPFGàDJFOU HJWFO CZ UUBSHFU(θ) = αθ�

	DG 4.
� 8F DIPTF UIJT GVODUJPO UP NPSF DMPTFMZ NBUDI UIF
USBOTNJTTJPO DVSWFT PG SFBM NVMUJMBZFS EFTJHOT BOE àHVSF �	G

TIPXT UIF NVDI DMPTFS NBUDI CFUXFFO UIF USBOTNJTTJPO DPFG�
àDJFOU PG UIF OFX PQUJNBM EFTJHO BOE UIBU PG UIF OFX UBSHFU�
*O àHVSF �	H
 UIF PVUQVU�àFME JOUFOTJUZ BHBJO TIPXT WFSZ HPPE
FEHF SFTPMVUJPO BMUIPVHI JU JT EJGàDVMU CZ FZF UP EFUFDU XIJDI
PG UIF EFTJHOT PG àHVSFT �	C
 BOE 	F
 JT CFUUFS�

'JHVSF � RVBOUJUBUJWFMZ DPNQBSFT UIF FEHF JNBHF RVBMJUZ
PG UIF UXP EFTJHOT PG àHVSFT �	C
 BOE 	F
� 8F NFBTVSF UIF
XJEUI PG FWFSZ FEHF UIBU JT QSFTFOU JO UIF PVUQVU BOE DPN�
QBSF CFUXFFO UIF UXP EFTJHOT 	BMTP VTJOH UIF HSPVOE USVUI UIBU
JT LOPXO GSPN UIF JOQVU JNBHF
� 'JHVSFT �	B
 BOE 	C
 EFNPO�
TUSBUFT QSPUPUZQJDBM SFTVMUT XIFSF UIF EFTJHO VTJOH L�ρ UBSHFU
USBOTNJTTJPO FYIJCJUT UIJDLFS FEHFT BT NFBTVSFE CZ UIF OVN�
CFS PG QJYFMT BCPWF UIF CBDLHSPVOE JOUFOTJUZ 	EBTIFE MJOFT

UIBO JUT DPVOUFSQBSU EFTJHOFE XJUI UUBSHFU ∼ θ�� 5IF IJTUPHSBN

�
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'JHVSF �� $PNQBSJTPO PG UIF NVMUJMBZFS EFTJHOT UP BMUFSOBUJWF SFDFOUMZ QSPQPTFE EFTJHOT <�m��>� 5IF UPQ EBSL�HSFZ SFHJPO JOEJDBUFT
TUSVDUVSFT UIBU FGGFDUJWFMZ EFUFDU FEHFT JO UXP�EJNFOTJPOBM JNBHFT JO USBOTNJTTJPO NPEF XIJMF TUSVDUVSFT JO UIF NJEEMF MJHIU�HSFZ SFHJPO
BDIJFWF QBSUJBM��% EFUFDUJPO PS EFUFDU FEHFT BMPOH POF�EJNFOTJPOBM MJOFT� 4USVDUVSFT JO UIF CPUUPN XIJUF SFHJPO XPSL JO SFáFDUJPO NPEF�
.VMUJMBZFS�EFTJHOT TIPX VOJRVFMZ TUSPOH DBQBCJMJUJFT BMPOH UIF UISFF LFZ GFBUVSFT PG UXP�EJNFOTJPOBM JNBHF GPSNBUJPO IJHI OVNFSJDBM
BQFSUVSF 	���� JO UIJT XPSL
 BOE GFBTJCJMJUZ PG GBCSJDBUJPO�

PG àHVSF �	D
 TIPXT UIF SFMBUJWF OVNCFST PG FEHFT XJUI B HJWFO
XJEUI 	JO UFSNT PG OVNCFS PG QJYFMT
 GPS UIF UXP EFTJHOT XJUI
UIF θ� EFTJHO PGGFSJOH TMJHIUMZ CFUUFS QFSGPSNBODF BOE B TNBM�
MFS BWFSBHF XJEUI QFS QJYFM� 	5IF OVNCFS PG FEHFT NJTTFE
FOUJSFMZ JT OPO[FSP CVU WFSZ TNBMM GPS CPUI EFTJHOT�
 5IJT
EFNPOTUSBUFT UIBU BMUIPVHI UIF -BQMBDJBO PQFSBUPS NBZ CF
B HPPE TUBSUJOH QPJOU GPS FEHF�EFUFDUJPO EFTJHO JU JT OFJUIFS
SFRVJSFE OPS OFDFTTBSJMZ HMPCBMMZ PQUJNBM XIJDI JT MJLFMZ USVF
GPS BMUFSOBUJWF FEHF�EFUFDUJPO BQQSPBDIFT 	NFUBTVSGBDF QMBT�
NPOJD FUD
 BT XFMM�

�� %JTDVTTJPOT

*O àHVSF � XF DPNQBSF UIF NVMUJMBZFS EFTJHOT PG àHVSFT �	C

BOE 	F
 UP PUIFS SFDFOU TUBUF�PG�UIF�BSU EFTJHOT <�m��>� 5IF
EFTJHOT JO UIF CPUUPN SFHJPO 	XIJUF
 PG UIF àHVSF PQFSBUF
JO SFáFDUJPO NPEF XIJDI JT FBTJFS UP EFTJHO CVU OPU JEFBM
UP JNQMFNFOU� 5IF EFTJHO EFOPUFE CZ UIF CMBDL DSPTT JT
NVMUJMBZFS�àMN�CBTFE CVU JU IBT MBSHF QIBTF WBSJBUJPOT JO UIF
SFáFDUJPO DPFGàDJFOU BT B GVODUJPO PG BOHMF 	>���◦
 XIJDI
TJHOJàDBOUMZ CMVST UIF FEHF SFTPMVUJPO 	DG 4.
� 5IF EFTJHOT
JO UIF NJEEMF SFHJPO 	MJHIU HSFZ
 XPSL JO USBOTNJTTJPO NPEF
CVU POMZ GPS MJNJUFE PQFSBUJPO BDSPTT BMM QPTTJCMF B[JNVUIBM

BOHMFT� 	8F BMTP OPUF UIBU UIF NFUBTVSGBDF EFTJHO PG <�>
EFOPUFE CZ B QVSQMF IFYBHPO SFRVJSFT MFOTFT BOE UIVT EPFT
OPU PGGFS TQBDF TBWJOHT�
 5IF EFTJHOT JO UIF UPQ SFHJPO 	EBSL
HSFZ
 BMM XPSL JO USBOTNJTTJPO NPEF BOE IBWF SPUBUJPOBM TZN�
NFUSZ VOEFS DPOUJOVPVT PS EJTDSFUF SPUBUJPOT UIBU NBLF UIFJS
TDBUUFSJOH SFTQPOTF JOEFQFOEFOU 	PS OFBSMZ TP
 PG B[JNVUIBM
BOHMF� 0G UIFTF EFTJHOT UISFF <� � ��> PQFSBUF POMZ GPS MPX
OVNFSJDBM BQFSUVSF 	XIJDI DPSSFTQPOET UP PQFSBUJPO PWFS POMZ
B OBSSPX SBOHF PG XBWFWFDUPST
 XIJMF UIF GPVSUI <�> JT EJG�
àDVMU PS JNQPTTJCMF UP GBCSJDBUF� 5IF PQUJNJ[FE NVMUJMBZFS
àMNT PG UIJT XPSL TIPX B DMFBS BEWBOUBHF BMPOH UIFTF UISFF
EJNFOTJPOT�

'JOBMMZ XF BOBMZ[F UIF FGGFDUT PG GBCSJDBUJPO FSSPST PO UIF
EFTJHOFE TUSVDUVSFT� 8F TJNVMBUF SBOEPN FSSPST JO UIF MBZFS
UIJDLOFTTFT CZ TBNQMJOH GSPN UIF OPSNBMJ[FE (BVTTJBO EJT�
USJCVUJPO N (�,σ) XIFSF � SFQSFTFOUT UIF NFBO TIJGU GSPN
UIF EFTJSFE UIJDLOFTTFT BOE σ SFQSFTFOUT UIF TUBOEBSE EFWJ�
BUJPO� 8F àOE UIBU GPS UIF EFTJHO XJUI UUBSHFU ∝ L�ρ UIF PCKFDUJWF
GVODUJPO JO FRVBUJPO 	�
 GPS Q�QPMBSJ[BUJPO JODSFBTFT PO BWFS�
BHF CZ BU NPTU ��� XIFO σ ! � ON XIJMF GPS T�QPMBSJ[BUJPO
UIF USBOTNJTTJPO IBSEMZ DIBOHFT GSPN � BU BMM BOHMFT� 'PS UIF
EFTJHO XJUI UUBSHFU ∝ θ� UIF FRVJWBMFOU EFWJBUJPO JT σ ! �.� ON
GPS ��� FSSPS� 5IF QFSGPSNBODF FSSPS WBSJFT TNPPUIMZ XJUI
UIF GBCSJDBUJPO FSSPS BOE TVDI UPMFSBODFT BSF XFMM CFZPOE

�
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UIF BOHTUSPN�MFWFM UIJDLOFTT FSSPST JO TUBUF�PG�UIF�BSU -1$7%
GBCSJDBUJPO <��m��>� 	4JNJMBSMZ OPJTF JO UIF JOQVU JNBHF
TNPPUIMZ JOUSPEVDFT TNBMM FSSPST BT FYQFDUFE JO MJOFBS PQUJDT�
DG 4. GPS RVBOUJUBUJWF UFTUT�
 "MUFSOBUJWF FBTJFS�UP�TZOUIFTJ[F
NBUFSJBMT DBO CF EFTJHOFE VTJOH UIF TBNF UFDIOJRVFT EFTDSJCFE
BCPWF BOE BDIJFWF TJNJMBS QFSGPSNBODF�

�� 0VUMPPL

-PPLJOH GPSXBSE DPNQVUBUJPOBM PQUJNJ[BUJPO PG NVMUJMBZFS
TUSVDUVSFT NBZ FOBCMF B XJEF SBOHF PG BOBMPH MJOFBS PQFSBUPST
CFZPOE KVTU FEHF EFUFDUJPO� *OTUFBE PG EFàOJOH TQFDJàD UBS�
HFU USBOTNJTTJPO DPFGàDJFOU QSPàMFT BT JO FRVBUJPO 	�

POF DPVME VUJMJ[F B EBUB�ESJWFO BQQSPBDI UIBU NBUDIFT
UIF EFTJSFE GFBUVSFT JO B HJWFO TDBUUFSFE àFME XJUI UIPTF
PG LOPXO JNBHF�àFME QBJST� 8F JNQMFNFOUFE TVDI BO
BQQSPBDI TQFDJàDBMMZ GPS FEHF EFUFDUJPO CVU UIF QFSGPSN�
BODF PG UIF PQUJNBM EFTJHOT XBT OFBSMZ FRVJWBMFOU UP UIF
CFTU EFTJHOT BMSFBEZ TIPXO IFSF� "OPUIFS QPTTJCMF EJSFD�
UJPO UP FYQMPSF JT UPXBSET TJHOJàDBOUMZ UIJDLFS NVMUJMBZFS
EFTJHOT XIJDI NBZ FOBCMF FGàDJFOU NVMUJ�GSFRVFODZ QFS�
GPSNBODF UIPVHI JO TVDI B DBTF MPDBM�PQUJNJ[BUJPO UFDI�
OJRVFT NJHIU GBMUFS BOE SFRVJSF HMPCBM�PQUJNJ[BUJPO UFDIOJRVFT
JOTUFBE�

%BUB BWBJMBCJMJUZ TUBUFNFOU

"MM EBUB UIBU TVQQPSU UIF àOEJOHT PG UIJT TUVEZ BSF JODMVEFE
XJUIJO UIF BSUJDMF 	BOE BOZ TVQQMFNFOUBSZ àMFT
�

"DLOPXMFEHNFOU

5IF BVUIPST UIBOL 'SBODFTDP .POUJDPOF GPS VTFGVM EJTDVT�
TJPOT� 5IJT XPSL XBT TVQQPSUFE CZ UIF "JS 'PSDF 0GàDF PG
4DJFOUJàD 3FTFBSDI VOEFS "XBSE /VNCFS '"��������������
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I. DETAILED DESIGNS FROM FIG. 2(B,E) IN MAIN TEXT

Here, in Figure S1, we provide the detailed thicknesses for the multilayer designs of Fig. 2(b,e) in the main text.
The thicknesses of each layer are rounded to the nearest nanometer. The gray regions represent Si layers while the
blue regions are SiO2 layers. Both designs have a total thickness of roughly 1 µm.
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FIG. S1. Detailed designs for Fig. 2(b,e) in main text, for (a) ttarget / k2
⇢ and (b) ttarget / ✓3.

II. COMPARING THE RESOLUTION OF OUR DESIGNS WITH THOSE OF REF. [1]

In Fig. 4 from the main text, the design structure denoted by a black cross, based on plasmonic films [1], exhibits
high-NA performance with NA = 1. However, this design works in reflection mode, requiring extra space for lenses
and beam splitters. We also find that the phase variation of p-polarized reflection coe�cients is a little more than
180°, so the edges detected might lose significant clarity due to destructive interference. In Figure S2, we compare the
resolution of this design in reflection mode with our transmission-mode multilayer designs by comparing the widths
of edges after simulation. In the simulation, the input figure is the same one from Fig. 2(a) in the main text, with



2

the angular range of the input image taken to correspond to NA = 0.98. The widths of the edges obtained from
plasmonic film design in Ref. [1] (green bars) have an average width of 5.7 pixels, and a modal edge width of 6 pixels,
a few times larger than the output edges from our transmission-mode multilayer designs (blue and red bars).
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FIG. S2. Width distributions of edges obtained from the plasmonic film design in Ref. [1] (green bars) and multilayer designs
in the main text (blue and red bars). The average width of the edges from the plasmonic film design in Ref. [1] is 5.7 pixels,
much larger than the average width from our multilayer designs.

III. EFFECTS OF THE LOSSINESS OF SILICON
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FIG. S3. Transmission of designs with lossy silicon and designs with lossless but same high-index material for (a) ttarget / k2
⇢

and (b) ttarget / ✓3.

Here we analyze the e↵ect of the losses of silicon in our designs. In the main text, we point out that the silicon we
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use is lossy, but claim that it does not overly a↵ect the performance because the devices are ultra-thin. To illustrate
this, we design new structures starting with a material identical to silicon, but with its loss rate set to 0, and compare
it to the designs of the main text. In Figure S3, we plot the transmission values of the designs with (blue solid lines)
and without loss (red dashed lines) for ttarget / k2⇢ and ttarget / ✓3, respectively. The transmission of the two designs
are quite similar, with only a small di↵erence in the absolute value of transmission. Furthermore, the edge resolutions
are similar regardless of losses. Hence the lossiness of silicon is playing little role in the ultimate performance of these
devices.

IV. DESIGN PERFORMANCE IN THE PRESENCE OF NOISE

We also analyze the device performance in the presence of noise. For noisy input images, we define the signal to
noise ratio (SNR) in terms of field intensity: SNR =

R
|Enoise(x)|2 dx/

R
|Einput(x)|2 dx. The noise we produce at

each point takes the form Enoise(x) = ⇢ei✓, in which random amplitude ⇢ ⇠ N (µ,�) and random phase ✓ is uniformly
distributed in [0, 2⇡]. Variables µ and � are selected for a given SNR. For the Yale logo input shown in main text
with maximum field amplitude 255, we use µ = 1,� = 2.18 for SNR = 10000, and µ = 1,� = 7.6 for SNR = 1000.
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FIG. S4. Device performances against noises in input images for (a) ttarget / k2
⇢ and (b) ttarget / ✓3.
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The performances of ttarget / k2⇢ and ttarget / ✓3 devices are listed in Figure S4. As more noise enters the input
signal, the resolution of edges decreases because both the mean widths of nonzero-width edges increase as well as
more edges are missed at the output. Intuitively, one can see this in the output images in the form of more unwanted
speckles. But overall, when SNR > 10000 where the noise in field intensity is ⇠ 0.01% (noise in field amplitude is
⇠ 1%), the devices perform well.
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