Power–bandwidth limitations of an optical resonance
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We present shape-independent upper limits to the power–bandwidth product for a single resonance in an
optical scatterer, with the bound depending only on the material susceptibility. We show that quasistatic metallic
scatterers can nearly reach the limits, and we apply our approach to the problem of designing N independent,
subwavelength scatterers to achieve flat, broadband response even if they individually exhibit narrow resonant
peaks.

A pivotal tool in the formulation of analytical bounds is
extinction, defined as the sum of the power absorbed and/or
scattered by a body, Pext = Pabs + Pscat . By the optical
theorem [1–3], the extinction is given by
Z
ω
Pext = Im
Einc · P,
(1)
2
V
where P are the induced currents, related to the total fields
through the scalar material susceptibility χ, P = ε0 χE, and
the overline denotes complex conjugation. The integral in
Eq. (1) can be interpreted as a forward-scattering amplitude,
since it is the overlap of the incident (forward) field with the
induced currents. The fact that extinction is the imaginary part
of an amplitude, instead of scaling as the squared magnitude
of the fields or currents, has been the foundation of a variety
of bounds [4–11] in electromagnetism. In particular, by exploiting the fact that the integral in Eq. (1) is analytic in the
upper-half of the complex-frequency plane, it has been shown
that the total extinction per volume, σext /V , integrated over
all frequencies, is given by the electrostatic polarizability of
the scatterer [4, 5]. However, the polarizability is shape- and
material-dependent, and for the common case of a metal it can
be made arbitrarily large (such that the bound diverges).
Here we consider a single resonance of any scatterer, and
we show that for a prescribed bandwidth there are shapeindependent limits to the product of the bandwidth and the
per-volume power absorbed, scattered, or extinguished by the
scatterer due to the resonance under consideration. The limits depend only on the material susceptibility χ(ω), and we
show that they can be reached, e.g., by subwavelength metallic ellipsoids. The primary assumptions we make is that the
resonance has a well-defined quality factor
Q=

ωU
,
Pext

(2)

which requires negligible interactions with other resonances
as well as the background (as occurs for Fano lineshapes [12]),
and that the stored energy can be written
Z
ε0 ∂ (ε0 ω)
2
U=
|E|
(3)
2 ∂ω
all space
where ε0 is the real part of the permittivity, which is a common
expression [13] but is rigorously valid only in the low-loss

limit [14]. We consider the total Q, which comprises radiative
and absorptive components, 1/Q = 1/Qabs + 1/Qscat .
We consider plane-wave scattering throughout (generalizations are straightfoward), such that a more natural quantity is the cross-section, σ, defined for any power quantity
as the power P divided by the incident intensity, Iinc =
|E0 |2 /2Z0 , where E0 is the plane-wave amplitude and Z0 is
the impedance of free space. The integral of the per-volume
cross-section associated with the single resonance is given by
the product of the peak extinction at some wavelength λ0 , and
the resonant bandwidth ∆λ:
Z
π σext (λ0 )
1
σext dλ =
∆λ
(4)
V
2
V
where Eq. (4) serves as the definition of the bandwidth ∆λ.
We have included the factor of π/2 so that in the common case
of a Lorentzian extinction lineshape, our bandwidth ∆λ is precisely the full-width at half-maximum of the Lorentzian. We
primarily use wavelength instead of frequency so that quantities as in Eq. (4) are dimensionless, but the translation to
frequency bounds is simple.
The limits follow from variational calculus arguments. Because ∆λ = λ0 /Q, one can rewrite Eq. (4) as
Z
2
1
λ20 Pext
(λ0 )
σext dλ =
(5)
V
4cIinc V U (λ0 )
The total stored energy is greater than or equal to energy
stored in the interior of the scatterer, U > Uint , where
Z
ε0 ∂ (ε0 ω)
2
Uint =
|E| .
(6)
2 ∂ω
V
2
Then the quantity Pext
/U is bounded above by
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(7)
where we have rewritten the (interior) energy density in terms
of the polarization currents. Eq. (7) has both a numerator
and denominator that is quadratic in the polarization current
density, P, such that it cannot be made arbitrarily large. A
quick variational derivative (taking ∂/∂P(x), for some x, in

2
A quasistatic ellipsoid has a peak extinction cross-section per
volume of ωp2 /γc and a quality factor Q = ω/γ (Ref. 14) in a
Drude model [15], such that the power–bandwidth integral is
given by
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FIG. 1. Comparison of the material parameter that determines the
bound on the power–bandwidth product of a single resonance in any
material. The material susceptibilities are fit to experimental data
with Lorentz-Drude oscillator terms. Aluminum is ideal for broadband applications due to its large susceptibility.

essence) shows that the optimal polarization current to maximize Eq. (7) is given by
Popt = aiEinc

(8)

where a is any real constant and this choice maximizes the overlap between the incident field and the induced currents. For the optimal currents, the quantity
 R
2 R
2
Im V Einc · P / V |P| = |E0 |2 V , simplifying the inequality in Eq. (7) and leading to the bound on the integrated
per-volume extinction:
Z
2
1
|χ|
(9)
σext dλ ≤ π 2 ∂(ε0 ω)
V
∂ω
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σext dλ
ellipsoid,qs

ωp2
.
ω2

(12)

In the low-loss, low-frequency regime, γ  ω  ωp , Eq. (11)
approximately reduces to Eq. (12).
For a collection of N single-mode scatterers (e.g. subwavelength particles [16]) that absorb and scatter light independently, the results here can be used to define the optimal
maximin cross-section per volume, i.e. the maximum “worstcase” extinction per volume over a desired bandwidth λ2 −λ1 .
To construct the ideal lineshape with a flat response between
λ1 and λ2 , and zero elsewhere, one would ideally have each
resonance take such a rectangular form as well (although unphysical, this enables us to find the upper limit). Then, for any
combination of resonant peaks and bandwidths, the largest
possible amplitude between λ1 and λ2 is given by the average value of Eq. (9), leading to the maximin bound
"
#
2
hσ i
π2
|χ|
ext
(13)
≤
V maximin
λ2 − λ1 ∂(ε0 ω)
∂ω

avg,λ1 –λ2

Intuitively, the bound presented here can be understood
through the polarization currents. Because Eq. (1) is written
only over the volume of the scatterer, any significant absorption or scattering peak must be accompanied by large polarization within the scatterer. Such large current densities in
a single mode necessarily implies a large stored energy, and
thus a high quality factor and a narrow bandwidth.

λ0

For a material with negligible dispersion over the bandwidth
of interest, and a moderate to large susceptibility (e.g. χ = 9,
as for a material with refractive index n = 3) Eq. (9) becomes
Z
2
1
|χ|
σext dλ ≤ π 2 0
V
ε
λ0

. π 2 |χ|

(10)

Eqs. (9,10) form the central results of this Letter. They show
that the broadband response associated with a given resonance
in a scatterer is bounded by a simple function of the material
susceptibility χ at the resonant wavelength λ0 .
The limits are nearly attainable with quasistatic metallic
ellipsoids. For a Drude metal with χ = −ωp2 /(ω 2 + iγω),
for plasma frequency ωp and damping factor γ, the bound in
Eq. (9) is given by

Z
ωp4 ω 2 + γ 2
1
2
h
i (11)
σext dλ ≤ π
2
V
ω 2 (ω 2 + γ 2 ) + ω 2 ω 2 − ω 2 γ 2
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