Tunneling escape of waves

David A. B. Miller!, Zeyu Kuang?, and Owen D. Miller?
!Ginzton Laboratory, Stanford University, Stanford CA 94305, USA

’Department of Applied Physics and Energy Sciences Institute, Yale University, New Haven,
Connecticut 06511, USA

We solve a long-standing set of problems in optics and waves: why does a volume
have only so many useful orthogonal wave channels in or out of it, why do coupling
strengths fall off dramatically past this number, and, indeed, just what precisely
defines that number? Increasingly in applications in communications, information
processing, and sensing, in optics, acoustics, and electromagnetic waves generally,
we need to understand this number. We can numerically find such channels for
many problems, but more fundamentally, these questions have arguably never had
a clear answer or physical explanation. We have found a simple and general result
and intuition that lets us understand and bound this behavior for any volume. This
is based on a tunneling that has been somewhat hidden in the mathematics of
spherical waves: beyond a certain complexity of the wave, it must tunnel to escape
the volume. By counting the number of waves that do not have to tunnel, we get a
simple and precise number or bound for well-coupled channels, even for arbitrary
volumes. The necessary tunneling for other waves explains the rapid fall-off in their
coupling, and shows all such waves do escape to propagation to some degree after
tunneling. This approach connects multipole expansions in electromagnetic
antennas and nanophotonics smoothly to apparently evanescent waves in large
optics. It works over all size scales, from nanophotonics, small radio-frequency
antennas, or acoustic microphones and loudspeakers up to imaging optics with
millions of channels, and gives a precise diffraction limit for any volume.

Introduction

With emerging nanophotonics, increasingly we can design[1], [2] and fabricate sophisticated
objects down to wavelength sizes or below. Growing bandwidth demands in radio-frequency
(r.f.) wireless communications require we exploit spatial channels more effectively; resulting
antenna systems are growing to increasingly sophisticated structures many wavelengths in
size[3]-[5]. Information processing, such as for artificial intelligence, requires ever increasing
numbers of channels that optics could provide, whether for improved inference in neural
networks[6] or more generally in optical interconnects[7] and processing[8]. Numbers of strong
channels can determine how much and what kind of information we can measure in sensing
applications like microscopy or imaging or how many designable elements or basis functions we
need in design. A core question, both for design and applications, is whether we can understand
how many different (i.e., orthogonal) waves or channels can propagate in and out of objects or
volumes. Such counting is increasingly relevant in optics now that we can control and detect
light mode by mode[9]—-[11]. This question has arguably never had a simple answer, especially
as we move through objects of scales of a few wavelengths. Though we may believe that



diffraction limits lie behind such counting, and we can certainly calculate the orthogonal
channels and their coupling strengths for any specific case[12], we lack any simple general
model and intuition for important key behaviors (see, e.g., examples in[12] and in many other
analyses[13]-[18]): why do the coupling strengths tend to fall off rapidly past some number of
well-coupled channels, and, indeed, just what defines that number?
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Fig. 1. Comparison of an evanescent plane wave and an initially tunneling spherical
wave. (A) A plane wave emerging from an infinite surface in the y — z plane, showing
evanescent (tunneling) decay in the positive x direction. (B) A spherical wave emerging
from a spherical surface; initial tunneling behavior changes to propagating behavior
past the escape radius. Both waves start with unit overall amplitude, at the plane surface
for (A) and at the sphere surface for (B), and with the same decay in distance. The plane

wave in (A) has a transverse pattern corresponding to n, =1.034 and n, =0.674
periods per wavelength in the z and y directions, respectively, equivalent to k. = 27zn.
and k, =27n,radians per wavelength. The spherical wave in (B) has a spherical

harmonic angular form with n =22 and m =12. The spherical surface has radius

r, = 2.9 wavelengths. The wave in (B) has the phase where it corresponds to the C,
Riccati-Bessel function. The escape radius is ~ 3.58 wavelengths, so ~ 0.68
wavelengths larger than r,. The tunneling barrier height starts at 0.524 in both cases,
1=[(k? +k?)/k*]-1 for plane waves and [n(n +1)/ (kr)2]—1 for the

spherical waves, for radial distance r.
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We show here that there is a useful and unified approach with simple results and physical
intuition. This approach spans continuously from sub-wavelength objects to large optical scales.
A key concept is the idea of tunneling escape of spherical waves. We find the onset of this
tunneling can be precisely defined, allowing a clear counting of strongly coupled channels that
propagate without tunneling. Past this number, the tunneling behavior explains the fall-off and
just how rapid it must be. The complementary problem of waves focusing into a volume
similarly obeys a required onset of tunneling that explains the difficulty of focusing past
diffraction limits. Since any finite volume can fit within some bounding sphere, we acquire
simple upper bounds for coupling in and out of arbitrary volumes. The onset of tunneling also
gives a precise definition of a diffraction limit for volumes.

Spherical waves and tunneling

Just as plane waves describe waves from (infinite) plane surfaces, so spherical waves based on
spherical harmonic and spherical Bessel functions usefully describe waves from spherical
surfaces or finite objects. Their mathematics is well understood, e.g., as in scattering from
spherical objects[19]-[23] and from multipole expansions of fields[24], [25]. (See supplementary
text S1 and S2 for details.)

Fig. 1 illustrates the argument. For infinite plane waves (Fig. 1(a)), if the wave varies too rapidly
in the y and z directions, we have evanescent decay in the x direction. Such a truly evanescent
(literally, “vanishing”) wave never escapes to propagate in the x direction. Fig. 1(b) shows a
spherical wave that, at a radial distance r, from the center, has an amplitude in angle given by a

spherical harmonic function of order n. Such spherical waves retain their angular shape as they
expand radially.

Suppose this spherical wave initially varies too rapidly (in transverse directions, on the sphere
surface) compared to a wavelength. Then, this wave still expands spherically, but must tunnel
radially until it reaches some escape radius 7, for this n. By this point, its transverse variation is

slow enough that it can start to propagate.

Though the wave amplitude remaining after tunneling may be quite small, that wave will
continue expanding, settling to ~1/radius decay of its amplitude, as in a spherically expanding
propagating wave. So, waves from finite bodies, even if they start out somewhat evanescently,
do not remain so; at least to some degree, they escape to propagation.

Scalar waves

To justify this argument, we analyze spherical waves, starting with the scalar case, with a
Helmholtz wave equation

V2U(r)+k2U(r)=0 (1)

for a wave U(r) of frequency f, in a uniform medium such as vacuum, air, or an isotropic
dielectric. (For some wave velocity v, the wavevector magnitudek =27/ 4, = @ /v, where the
wavelength and angular frequency are A, =v/ f,and w=2xf,, respectively.) Using complex



waves with time-dependence exp(—iat), a plane wave solution has the form U(r) « exp(ik -r) in
space, with wavevector k = k,X+k,y +k.z, where k., k,,and k. are the wavevector components
in the x, y, and z directions (with corresponding unit vectors X, y, and Z). Such a solution
exp(ik -r) = exp(ik,x) exp(ik, y) exp(ik.z) , of Eq. (1), implicitly in infinite space, is separable as
Ur)=XxX)Y(»)Z(z), with kZ+k2+k2=k>. If k2 +k2>k?, then X(x)ocexp(—xx), where
K= \/m ; presuming any sources are on the “left”, in the region with x <0, we take the

positive square root. This is the classic evanescent wave, decaying exponentially for all x >0 ; note
it never becomes a propagating wave for any positive x and the change from propagating to
evanescent is totally abrupt as soon as k2 + k2 > k2.

We can write the separated equation for X (x) (see supplementary text S1.1) as

2
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where p =k, xand X (x)=£&(p), which is in the form of a one-dimensional Schrodinger equation
(see, e.g., [26]), with a “potential” energy V' (p) = (k7 +k2)/k? (here actually independent of p),
and an “eigenenergy” E =1. This rewriting as in Eq. (2) allows us to state the clear behavior that,
if V(p) < E , we have propagating solutions, and if V' (p) > E , we have tunneling solutions.
(Other recent work[27] has explored an abstract quantum tunneling approach with finite plane
surfaces, though our spherical approach here is different.)

The scalar Helmholtz equation (1) can also be solved in spherical polar coordinates, , #and ¢
(see, e.g., [25]) (see supplementary text S1.2). Specifically, one can look for separable solutions
U(r)=R(r)Y(0,¢). The angular solutions Y (8,¢) are the spherical harmonics Y,,,(6,¢), with
n=0,1,2,... and, using the complex forms, —-n<m <n (see, e.g.,[26]). The radial solutions
R(r) are the spherical Bessel functions z, (kr), also for n =0,1,2,... . Using a dimensionless

radial variable p = kr, these radial functions satisfy the differential equation

2 2(p) ) du(p)
d

i +2p

+(p2—n(n+1))z,,(p):0 3)

Spherical Bessel functions of the first and second kinds, respectively j,(0) and y,(p), give

two independent solutions of Eq. (3). For a given n, linear combinations of these are also
solutions. In particular, the spherical Hankel function of the first kind

' (p)=J,(p)+iv,(p) )
corresponds to outward propagating waves at large distances. (The notation z,(p) stands in for

any of j,(p), ya(p),or B (p) in Eq. (3).) All these solutions have an underlying 1/7 or 1/ p

dependence at large  or p, which corresponds to them falling off ultimately as spherically
expanding waves. Indeed, specifically,



W (p) > i =2 /()ip ) séeXpiikr) (5)

is a spherically expanding propagating wave as » — 0.

We can multiply by radius to take out this underlying 1/7 or 1/ p dependence, giving radial
solutions then expressed using what are known as Riccati-Bessel functions S,(p) = pj,.(p) and

C,(p)=—py.(p), and in particular, the “outgoing” Riccati-Bessel function

& (p)=ph" (p)=5,(p)-iC,(p) (6)

Such functions can be convenient for viewing the wave more as a function of angle rather than
transverse position at any radius.

There is, however, one other very important consequence of using a Riccati-Bessel functions like
&,(p) : they obey the Riccati-Bessel differential equation, which can be written

dzf,,(p) n(n+1)
- + n =Gn 7
0 po &i(p)=&(p) (7)
(Note that substituting from Eq. (6) in Eq. (7) will recover Eq. (3)). This equation is now in

exactly the Schrodinger form as in Eq. (2). The “eigenenergy” £ =1 as before, but now the
effective radial potential is
n (n + 1)

V =—— 8
(p) = (8)

which falls off (as 1/ p*) with radius p or r (= p/ k). We can usefully now define the “escape

radius”

«/ +1)
Puen =+/n(n+1) or, equivalently, 7, = n / n +1 9)

which marks the boundary between tunneling and propagating behavior for the wave, i.e., the
point » or p at which V' (kr)=E (=1). So, we have outgoing wave solutions

U, (£)=H (k)Y (6,9) 5;”)%(9,@ =012, —n<m<n (10)

If an outward wave has an angular form Y, (8,9), then for r <7, , this wave (in the Riccati-
Bessel form & (kr)) is tunneling outwards, but once it passes the escape radius 7, , it becomes
propagating, escaping at least to some degree. This contrasts with (infinite) plane waves of the
form U(r) oc exp(ik -r) ; if such waves start out as evanescent (so with k7 + k2 > k?), they
remain evanescent at all x, eventually vanishing completely.



The wave plotted in Fig. 1(b) is such a Riccati-Bessel function, showing the tunneling-like
behavior up to the escape radius, and the propagating behavior for larger radii. (See fig. S5 in the
supplementary text for the behavior as a function of time.)

Though this transition between tunneling and propagating behavior at the escape radius is clear
from the differential equation (7), it is not at all obvious from the usual algebraic expressions for
spherical Bessel or Riccati-Bessel functions, which involve series of inverse powers of the radius
together with sine and cosine functions (see, e.g., [25], p. 426); this may be why this tunneling
behavior is not already better known.

Incidentally, the scalar spherical waves found this way are also the waves associated with the
communication modes[12], [13] between spherical surfaces (see supplementary text S3).

Vector electromagnetic waves

There are three different forms of vector wave solutions to the vector Helmholtz equation (see
supplementary text S2), with one “longitudinal” and two “transverse” polarizations. The angular
aspects are describable based on three vector spherical harmonic functions. Importantly, the
tunneling in the radial behavior R(r) above for scalar waves persists into the vector cases.

Though the longitudinal wave exists for sound and elastic waves, electromagnetic waves have
just two, transverse forms. Each of those is separable into radial and angular parts, with the radial
parts obeying the same equation as the function R(r) above, but with the angular part being a

vector spherical harmonic function. Explicitly, for outgoing waves we have a set of “transverse
electric” (TE) waves, with electric field (from Eq. (155) in the supplementary text)

E) (r 9¢)_1\ﬁ '(kr)C,, (0,4)= \fé’ w(0:9) n=12..,-n<m<n (11)

and “transverse magnetic” (TM) waves with magnetic field (from Eq. (159) in the supplementary
text)

S (kr)
o

v (r,0,¢)=in" (kr)C,, (0,4)=i C,.(0.¢) n=12..,-n<m<n  (12)

Here, C,,, is the vector spherical harmonic function
Con (0,8) =V x[rY,,(0.4) | =V Y, (6,8)xr n=12..,-n<m<n (13)

Note explicitly that radial behavior is given by functions 4\ (kr) or &,(kr), just as in the scalar
case. The main differences are that
(1) we have two waves for each choice of n and m, which we can view as being TE and
TM polarized waves, respectively,
(i1))  their angular form, which is vectorial, is based on the gradient VY,, of the spherical
harmonic rather than just the (scalar) spherical harmonic Y,,, directly. Since
Y,.(6,9) only depends on angles, not radius, VY,, only has vector components in



the 6 and 413 directions on the sphere surface, so it and the function C,,,(€,¢) contain

only transverse components — vectors that lie in the sphere surface,
(iii)  in contrast to the scalar solutions (10), there are electromagnetic waves for n=0.

The electric field E}" corresponding to H*) and the magnetic field H'.®) corresponding to
E!") are given by Eqgs. (158) and (154), respectively, in the supplementary text. The TE and TM
waves for a given n and m describe perpendicularly polarized waves, with E{")*) perpendicular
to E{'Y) and similarly for the magnetic fields H\Y) and H'%)"). The polarizations of both E{/*’
and HZ)") are always transverse (so perpendicular to the radius vector r), and the corresponding
fields E2Y") and H'ZY) are transverse in the far field, though they have radial components in the

near field.

This approach corresponds exactly to the multipole expansion of outward-propagating
electromagnetic fields. We write fields in forms equivalent to Jackson’s definitions[25];
derivations of Egs. (11) and (12) can be found there[25] (see supplementary text S2 for general
vector wave derivations). Our tunneling analysis conceptually connects multipole and quasi-
evanescent behaviors in one formalism. These vector spherical waves are the waves associated
with the (vector) communication modes between spherical surfaces or volumes|14].

Note that our analysis also tells us that, to observe strong radiation from high #» multipoles from
some object, to avoid having to tunnel to escape, it would have to be essentially of the scale of
twice the escape radius (so the diameter of the bounding sphere) for that n.

Counting waves from spherical surfaces

The escape radius allows a useful counting of waves associated with a spherical surface of radius
1, . There is a maximum value n, of n for which all the associated spherical harmonic waves
propagate without tunneling to escape, which requires 7, > r,,, for a given n. From Eq. (9),
solving the quadratic equation n(n+1) = (kr,)?, the largest n for which r, > \/n(n+1) is

ny (1) = floor| [(1/4)+ Ny =(1/2) ] (14)

(floor (1) is the largest integer <u.). Here Ng; is the “spherical heuristic number”

B 2 _ 4rrr? _ Ag
Now =(60) =021y~ T2 1) (15)

where Ay =47r} is the area of the spherical surface. (The concept of Ng; was introduced

empirically in [12]; this algebraic definition of N also emerged in analytic work on spherical

waves|[14].) Note that, for kr, < \/5 , or, equivalently, Ngy <2 or r, < r,,, , where

et = 2 /(N2 7) = 02252, (16)



only the n=0 wave propagates without requiring tunneling escape. Since there are no n=0
electromagnetic waves, all electromagnetic waves from (bounding) volumes smaller than this

radius »,, must tunnel to escape (consistent with the well-known Chu antenna limit[28], which

escl
states that antenna Q-factor must increase for small antennas). Note again that there is no
corresponding requirement for scalar waves, such as normal sound waves, which is consistent
with small microphones and loudspeakers not having a corresponding limit and high Q-factor
requirement.
We can now calculate the total number N, of (scalar) spherical harmonic waves with values of
n up to (and including) n, . Since there are 2n+1 different m values (and hence spherical
harmonics Y,,, ) for each n,
n, P
NpS=1+3+5+---(2np+l)E20(2q+1)=(np+1) (17)
q:
For electromagnetic waves, with no n=0 waves, we remove that one wave, giving
N,=N,-l=n,(n,+2) (18)
which is the number of such electromagnetic waves per polarization.

Since the Riccati-Bessel &,(kr) functions take out the underlying 1/ decay of spherical waves,

a simple metric for how effectively a spherical wave of index n propagates outwards from a
radius 7, is the relative far-field magnitude squared

v (k) =&, (o) /|, (k1) (19)

Incidentally, for a given n, this coupling y, is the same for every m value, which is surprising

2

given the different associated shapes of ¥, .

In Fig. 2 (a) and (c), we plot ¥, (k7,) against n, and in Fig. 2 (b) and (d) parametrically against
the cumulative number n(n+2) of electromagnetic waves per polarization (see Eq. (18)).(See
also fig. S6 for curves like Fig. 2 (a) and (b) for different radii of spherical surfaces.) We see
several interesting and useful behaviors in Fig. 2.

1) For small volumes — e.g., a few wavelengths or smaller in radius — relatively quite a few
waves can escape by tunneling with usefully large (e.g., >10%) propagating amplitudes.

2) The spherical heuristic number Ny is a good approximation to the total number N, of
waves (per polarization) that start out as propagating.

3) As the radius of the spherical volume increases, a smaller fraction of the waves can
usefully escape by tunneling, compared to those that start out as propagating. So, the
transition to waves that must tunnel to increasing weak escape is increasingly relatively
abrupt for larger volumes. So, in practice, with increasing size, we tend towards a simpler
categorization of waves being either propagating or (approximately) evanescent.
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Fig. 2. Far-field spherical wave strength with increasing order n. Relative far-field
strength y, (kr,) = |§n (oo)|2 / |§n (kr,))|2 of the outgoing Riccati-Bessel function of order »
for various values of the starting radius ~, in wavelengths, plotted against » in (A) and
(B), and, in (C) and (D), parametrically against the total number 7 (n +2) of spherical
waves for the electromagnetic case, per polarization, up to and including waves of order
n. (Solid lines are to guide the eye.) n, (vertical dotted lines on (A) and (B)) is the
largest n for which all waves start out as propagating from the given radius 7, .

N, =n,(n,+2) (vertical dashed lines on (C) and (D)) is the total number of such
waves. Ngy = (kr,)? (vertical dash-dot lines on (C) and (D)) are the spherical heuristic
number. (A) and (C) use linear scales, with 7, =2.9 wavelengths as in Fig. 1. (The

n =0 point, which does not exist for electromagnetic waves, is shown on (A) and (C).)
For r, =2.9 wavelengths, n, =17; N, =323; Ng; =332.01. (B) and (D) show results
for r, 0f 0.2, 1, 5, and 25 wavelengths on log scales. The values of n,, N,, and Ngy
for , =0.2, 1, 5, 25 are, respectively, n, =0, 5, 30, 156; N, =1, 35, 960, 24648;

Ngy =1.58,39.48, 986.96, 24674.01.



The actual number of waves that propagate strictly without tunneling is a series of steps of
integer height as a function of the radius of the spherical surface (Fig. 3). The number Ng; isa

continuous smooth function that passes through those steps (Fig. 3). Hence, it can overall be a
good simple estimate for this number N, .

Note that Ng; in Eq. (15) is also the area 4s = 47r? of the spherical surface divided by an area
A2/ m.So Ngy corresponds to one such wave for every A2 / # of area on the sphere,
connecting this spherical wave behavior to heuristic diffraction limits in conventional optical
systems with more planar surfaces, which limit focal spots to ~ a (square) half wavelength
because of diffraction. Note, too, that at moderate to large n, we have n, =+/Ngy =271,/ 4,,

which is the circumference of the sphere in wavelengths.

Fig. 3 also shows the number of waves that couple to the far field with coupling 7, , Eq. (19),

greater than specific values of 0.1 and 0.01. (These would correspond to horizontal lines at 10!
and 1072 on Fig. 2(d).) Some such waves will be tunneling to escape, but might still be practically
useful, e.g., for communications or sensing. We see that there are quite significant numbers of
such additional waves for small sphere radius, though relatively fewer for larger radii.
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Fig. 3. Number of waves (per polarization for electromagnetic waves) that start out by
propagating, as a function of the sphere radius. This number is the stepped dashed line.
The solid line is the spherical heuristic number Ng; , showing it is a good

approximation, even down to small radii. Also shown are corresponding values of 7,

N, , and the escape radius r,,, (in wavelengths). (A) Linear scale. (B) Log scale, with
also example y,(kr,) =|&,() 2/ &, (kr,) ? values as the relative far-field magnitude

squared of the spherical wave, with numbers of waves shown for 7,(k7,) > 0.1 and >

0.01 (dotted lines connecting points are just to guide the eye). Also indicated are several
example n, values (1, 3,9, and 27) and their corresponding escape radii 7, , in

wavelengths.
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Though we consider only outgoing waves explicitly here, in practice these same numbers of
waves also correspond essentially to the number of incoming waves that can penetrate into a
spherical (bounding) volume (see supplementary text S4). Spherical waves beyond this limit will
essentially reflect off an empty spherical volume of free space (becoming standing waves), so
objects smaller than this volume are essentially invisible to, or “self-cloaked”[29] from, such
waves.

Waves from arbitrary volumes

The sets of scalar and electromagnetic spherical waves we have constructed are complete for
describing any (outgoing) wave on a spherical surface. Hence, they can also describe any wave
emerging from sources in a volume enclosed by that bounding spherical surface (Fig. 4). Since
we have established how many orthogonal basis-set waves can emerge from this spherical
surface without tunneling, we have established an upper bound on the maximum number of
orthogonal waves that could emerge from the source volume without tunneling. We could also
extend this estimate to allow for waves that could tunnel from the spherical surface to escape to
some specified degree.

source
volume or
object

Fig. 4. A spherical bounding surface that just encloses some source volume or object.
Any waves from the source volume that reach the spherical surface can be described in
terms of spherical waves on that surface.

Heuristic result for restricted solid angles

Once the spherical surface becomes several wavelengths or larger in size, the number of waves
(per polarization) that propagate without tunneling becomes quite large. At radii of ~ 3, 5, and 10
wavelengths, for example, these numbers are ~ 350, 1000, and 4000, respectively. So, we can
divide Ngy by 4 steradians to obtain, for a spherical surface of radius rg, the (approximate)

number of propagating waves per unit solid angle.

2
K

No =2

(20)

Imagine, then, some receiving surface of area A4 at some (perpendicular) distance L from the
center of the spherical surface (Fig. 5), so subtending a solid angle QQ = 4, / 7. Then from Eq.
(20) we could estimate a total number of propagating wave channels

11
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where Ay = zr¢, which we note is the apparent circular cross-sectional area of the source volume

(see Fig. 5). We note that Eq. (21) is exactly the number previously deduced as the “paraxial
heuristic number” of well-coupled channels between planar source and receiver spaces[12] (Eq.
(64)). (See also[12], Appendix A, for the many heuristic derivations of number.) So, if we count
only those waves that do not require tunneling to escape, we can derive previous heuristic results
for the “diffraction-limited” number of channels in paraxial optical systems. (Note, too, that N,
Eq. (20), is not itself restricted to paraxial cases.) These approaches could also be viewed as
asking for the approximate number of these (spherical harmonic) basis functions required to
adequately describe the resulting possible waves on the receiving surface from such a source
volume.

receiving
/\\ bounding surface area
~ sphere Ap

cross-section
circular area | ‘
2

A =mryg

Fig. 5. Construction for waves to a finite receiving surface. A bounding spherical
volume of radius rg surrounds a source of circular cross-sectional area Ay = 772
communicating to a receiving surface of area Ay at a distance L.

Discussion and conclusions

We have shown a unified way of thinking about waves in and out of volumes, from the
propagating and evanescent fields of large optics to the multipole expansions of antennas and
nanophotonics. This is based rigorously on the spherical waves associated with the spherical
bounding surface round some volume or object. For all volumes from approximately a
wavelength scale and upwards, a maximum number of well-coupled waves or orthogonal
channels is understood as those that do not have to tunnel to escape the spherical surface. This
onset of tunneling corresponds to a “knee” in coupling strength after which coupling falls rapidly

because of the tunneling. A corresponding escape radius 7, = («/n (n+ l))/in /27 characterizes

the largest order n of spherical wave of wavelength A, that can propagate from such a spherical
surface without initially tunneling. A spherical heuristic number Ny , corresponding to one

12



wave for every A2 / # of area on the spherical surface, approximately but usefully characterizes
the number of well-coupled waves (per polarization) and the position of the “knee” in coupling
strength. With increasing radius of the volume, the relative fall-off from tunneling becomes
progressively more abrupt, asymptoting towards the complete abruptness of the onset of truly
evanescent behavior for infinite plane waves. Note, though, that such truly evanescent waves are
an artifact of the assumption of infinite plane waves; all corresponding waves from finite bodies
eventually escape to some degree by tunneling. (Note, incidentally, that similar radial tunneling,
propagating, and escape behavior can be derived for circular and cylindrical waves; see
supplementary text S5.)

Finally, this approach allows us to propose a precise definition of the diffraction limit: For a
wave interacting with a volume, the wave passes the diffraction limit if any spherical component
of the wave must tunnel to enter or leave the bounding spherical surface enclosing the volume.
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Supplementary text

Waves in spherical coordinates are fundamentally well understood, though these details may be
less commonly known. In this paper, we need to rely on some quite detailed aspects. We also
need to deduce some basic and less common results with some rigor, especially as we consider
spherical vector waves. We start with an extended discussion of scalar waves in spherical
coordinates (Section S1). In Section S2, we give the derivation of the full behavior of vector
wave solutions of the vector Helmholtz wave equation, including the special case of
electromagnetic waves. This material can also be found in various forms in texts, with Refs.[25],
[30]-[33] giving treatments that include the discussion of both scalar and vector cases. In Section
S3, we show that the scalar wave solutions we have derived correspond to the communication
modes[12], [13] between spherical shells. (Other work by us has shown the vector wave
solutions similarly correspond to such communication modes in that case[14].) In section S4, we
discuss how our approach applies to inward waves also. Section S5 shows that similar
phenomena, with escape radius and radial tunneling, are found also in the radial behavior of
cylindrical waves and the corresponding two-dimensional (planar) circular waves.

S1 Scalar waves in spherical coordinates

We are interested here in scalar and vector waves in a uniform, lossless, isotropic medium.
Vector waves in spherical coordinates are more complicated, especially in their general forms.
Fortunately, however, the scalar solutions also form the basis for discussing the vector case, so
we start with a simple scalar wave equation of the form

1 O*W (r,t

VW (r,1) L) 0 (22)

v: o or?
where r is the (vector) position in space relative to some origin, ¢ is time, W(r,t) is the wave
amplitude, and v is the wave velocity. For electromagnetic waves, we would have 1/v? = gu
where ¢ and u are, respectively, the permittivity and permeability of the medium.

We consider waves of one frequency, f,. The wavelength for such a wave wouldbe A =v/ f, .
For algebraic convenience, we work with the angular frequency @ = 2x f, and the wavevector
magnitude £k =27/ A1 =w/c, and we choose to write the corresponding time-dependence in the
complex form exp(—iaxr), which leads to

W (r,t)=exp(—ict)U(r) (23)

with the understanding that we can take the real part at the end if we want to describe normal
classical waves. The choice of the minus sign in the exponent in exp(—iwt) leads to the result
that a wave of spatial form exp(ikr)/r will represent an outgoing spherical wave, for example.

U(r) now represents the amplitude in space of this oscillation at frequency f, (or, equivalently
at angular frequency ). Substituting Eq. (23) in Eq. (22) gives the Helmholtz wave equation as
in the main text (Eq. (1))

V2U (r)+k*U(r)=0 (24)
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S1.1 Separation of the solutions - plane waves

For reference, and for a simple introduction or reminder in separating solutions, we start by
showing the separation of solutions in Cartesian (x, y, z) coordinates, which corresponds to plane
wave solutions. With

2,2 & (25)
ox> oy? 0z
we can formally propose a solution of the form
U(r)zX(x)Y(y)Z(z) (26)
Then
92X (x) ?Y (y) Z(z)
Y(y)Z(2) P +X(x)Z(z)V+X(x)Y( ) P kX (x)Y(y)Z(z) (27)
Dividing by —X (x)Y ( y)Z (z) and rearranging gives
2 2 2
1 6X(x):k2+ 1 aY(y)+ 1 0%*Z(z) 28)
X(x) ox? Y(y) &2 Z(z) oz?

As usual in such separation arguments, we note that nothing on the left of the equation depends
on y or z, and nothing on the right depends on x. Therefore, both sides must equal some
(“separation”) constant, which here, without loss of generality, we can choose to write as k2.

(We have not yet assigned any meaning to this way of writing the constant — it is just some
number at this stage.) Hence, using the left side of Eq. (28) with this separation constant, and
multiplying by X (x) on both sides, we have

~ de(x)
dx?

where we note we can use ordinary rather than partial derivatives because we now only have one
variable in the equation. Solutions of this equation can be written in the form

=k2X (x) (29)

X (x) =exp(ik.x) (30)

where k, can take positive or negative values (and/or imaginary values), and arbitrary linear
combinations of these are also solutions. Similarly, for y and z we have, with separation
constants k7 and k?

Y(y)=exp(ik,y) (31)
Z(z)=exp(ik.z) (32)

Substituting using Eq. (29) and the corresponding similar equations for Y () and Z(z) back into
Eq. (27) gives the necessary relation
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ki + ki +kz =k? (33)
We can also choose to write the overall separated solution as in Eq. (26) as

U (r) = exp(ik.x)exp(ik,y)exp(ik.z) = exp(ik -r) (34)

with k=k,X+k,y+k.Z (X, ¥, and Z being the unit vectors in the x, y, and z directions,
respectively), which are the usual plane wave solutions. Note that, if ky2 +k2 >k’ then the
solution in the x direction is X (x) oc exp(—xx), where & = \/k; +k? —k’ ; we take the positive
square root (and hence a decaying exponential) on the presumption that any sources generating
this wave are all on the “left”, that is for x <0. We describe such a wave as decaying

evanescently (or exponentially) in the x direction.

Fig. S1. Spherical polar coordinates (r, 0, ¢) for a point in space, relative to
conventional x, y, and z coordinate directions. Unit vectors F, €, and ¢ are also shown.

Formally, then, we can rewrite Eq. (29) as

d*X s (12 o
_%:[/{ —(ky+kz )]X(x) (35)
So
d*X . )
_ deX)+(ky +h2) X (x) =KX (x) (36)

Writing p = kx, V(p) = (k} +k2)/k* (which is independent of p in this case), and E=1, we

obtain the Schrodinger equation form of Eq. (2) in the main text.

S1.2 Separation of the solutions - spherical waves

Having understood separation of solutions in Cartesian coordinates, now we consider spherical
polar coordinates r, €, and ¢, as illustrated in Fig. S1. In such coordinates
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2
_— ELQ(,J 8_U]+ ! i(smea—U} LU (37)
r? or or ) r?sinf 06 r?sin? @ O¢?

For separation in spherical coordinates, we propose a form
U(r)=R(r)®(0)®(9) (38)

We substitute this form, together with the expression (37) for V2U , into the wave equation (22),
obtaining

@(9)®(¢)3(r2 aR(r)]-i—R(r)q)(¢)i(sin98®(9)j+ R(r)0(0) 2®(¢)
r? or or r’sin@ 06 00 r’sin?@  0¢? (39)
+k?R(r)®(0)®(¢)=0

Dividing by U(r) = R(r)®(0)®(¢) , multiplying by sin’ # and moving the second term to the
right of the equation gives

in0 0 [, OR(r)) sin@ 0 (. p8OU)) ioognego —L PPW)_ 4
R(ryor\" o ) ©(0)06 20 O(¢) of

Here we have also taken the additional step, as usual in separation of variables, that, since
nothing on the left of the equation depends on ¢, and nothing on the right of the equation

depends on r or €, both must equal some (separation) constant, which for future convenience we
write as m?. (Though m will later be shown to be integer in a specific range, for the moment we
have not restricted its value in any way.) This therefore has given us our first separated equation

d*o(4) |

which can now be written as a simple differential equation rather than a partial differential
equation because there is only one variable, here ¢@.

Now, taking the left hand side of Eq. (40), dividing by sin? & and rearranging gives

2
Li rzaR_(r) + k22 = 'm _ 1‘ i Singa(a_w) =n(n+1) (42)
R(r)or or sin2 ©(6)sind 00 00

where again, now because nothing on the left depends on #and nothing on the right depends on
r, both must equal a constant, which for future convenience we choose to write as n(n+1).
(Again, later we will restrict n to being an integer in a specific range, but so far there is no
restriction on it.) So, we now have a two additional separated equations

#i(sinewj{n(nﬂ)—_’"—zj@(e)=o 43)
sin@ do do sin? @

which we will see has solutions based on associated Legendre functions, and
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0 (44)

i(rz dR—mj+(k2r2 —n(n+1))R(r)

dr dr

whose solutions we will see are spherical Bessel functions. Eq. (44) is more commonly written
by performing the first derivative in the expression, and changing to a function in the form

-, (p) ==, (i) = R() )
with p = kr, to give the equivalent equation

2
pzd Z”(p)+2pdzzl(p)

dp? +(p?=n(n+1))z,(p)=0 (46)

Equations (41), (44), and (44) (or (46)) are now the separated equations for the “¢”, “6”, and “r”
variables, respectively. We can now proceed to find consistent solutions for all three equations at
once.

Solving the @equation

By changing variables to 77 = cos @ in Eq.(43), so changing to some function

B (n)=E" (c0s0)=0(0)

n

and noting that d cos@/d68 =—sind, Eq. (43) becomes

diﬂ[(l_n2)wJ+£n(n+l)— m ]Rf’(n)—o (47)

an (1=7")

By performing the first differentiation, Eq. (47) is often written in the equivalent form

2

(-7} em(m—zndﬂ;j”){n(nﬂ)— (lTnz)Je:"(n)—o )

Eq. (47) (or Eq. (48)) has meaningful solutions if we choose n as zero or a positive integer, and if
|m| is an integer less than or equal to n, i.e.,

n=0,1,2,... (49)
m=-n,---,0,...n (50)

The resulting solutions P"(77) are the associated Legendre functions. (These are sometimes
called the associated Legendre polynomials, but they are not (finite length) polynomials if m is
odd.)

One way of defining P"(77) (see, e.g.,[25] p. 108) is through an extension of the Rodrigues
formula
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P (n)= (_1)’? (1-7°)"" jnmm [(n2 —1)"J (51)

We can also consider these solutions with only 0 or positive m because, other than for a
prefactor, these functions are the same for positive and negative m. Explicitly,

P () =(-1y L 52

(n+m)!

In this form, the orthogonality (and normalization) integral for these functions over a range
—1 <7 <1 (which is the only range of interest to us) is

2 (n+m)!
0,
2n+1(n—m)! *

J_IIPJ” (m) B (n)dn = (53)

n=1m=0 n=1m=1 nN=3 m=2
| / | 1 /\ 1-/\ /\
0 O\J 0\/ 0 \/
—1‘/ =1L -1r -1r
1

n=6 m=0 n=6 m=6 n=20 m=10

NN 1/ \L 1/\/\/\/\/\/\

A V \/ °\/\\/\\/ ol Ll \/VVV

Normalized P (r7)

Fig. S2. Examples of normalized versions of associated Legendre functions for various
values of n and m.

We show some examples of these functions in Fig. S2. We have normalized these, following Eq.
(53), by multiplying them by \/ (2n+1)(n—m)!/[2(n+m)!]. Note that these functions cross the

zero axis n—|m| times (the functions may or may not reach zero at the end points at 7 = —1 and

n =1, but they do not cross the zero axis there).
Solving the ¢ equation

The fact that m has to be an integer means that we can write the solutions of the “¢” equation
(41) in a complex form
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d)m(¢):exp(im¢), m=-n,-,0,...n (54)

GC 29

or as two sets of real functions — odd “0” and even

D, (4)=sin(mg), m=1,....,n (55)
D, (¢)=cos(mp), m=0,...,n (56)

(The omission of m =0 for Eq. (55) is simply because in that case this function would be zero
everywhere.) The choice of m as an integer also means that these functions in Egs. (54), (55),
and (56) are single-valued in ¢. Whether one takes the “complex” or “real” function approach is
a matter of taste and/or convenience for classical waves (though for quantum mechanical
problems like the hydrogen atom, the complex form is required; see, e.g., [26]). Here, we use the
“complex” approach, Eq. (54), for algebraic simplicity.

Grouping the 8and ¢ solutions — spherical harmonics

We can conveniently group the solutions to the “68” and “¢” equations (48) and (41),
respectively, into one function Y of 6 and ¢ with parameters n and m — the “spherical harmonic”
functions (as in the forms in[25], p.108)

B (2n+l)(n—m)! . .
Y, (0,9) —\/ " (n+m)!P" (cos @) exp(img) (57)
which are normalized and orthogonal, i.e.,
j j ” (6.4)Y,,(0.4)sin0d0dp=5,5,, (58)
$=00=0
and, incidentally,
Y, (0.4)=(-1)"7,(6:9) (59)

Spherical harmonics famously give the angular shapes of atomic orbitals in quantum mechanics
and occur routinely in wave scattering from spherical objects and in many other classical
problems, such as vibration modes of spherical shells. In hydrogen atom orbitals and in some
other texts, the notation / is used instead of 7.

Though spherical harmonics may seem somewhat complicated functions, in fact they are
relatively easy to visualize and describe. Spherical harmonics are simply functions of angle, so
they can be conveniently plotted on the surface of a sphere, for example using color maps, as in
Fig. S3. (The radius of the sphere has no particular meaning in such plots — the sphere is simply a
convenient “canvas” on which to plot the spherical harmonic.)

Of course, to make such plots, we can plot only real numbers. We can usefully plot the real part
of the spherical harmonics of Eq. (57), which correspond to the “even” functions of ¢ as given by
Eq. (56). The “odd” functions (as in Eq. (55), which correspond to the imaginary part of the
spherical harmonics of Eq. (57), have essentially the same shape, just rotated by an angle 7 /2m
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around the polar axis. Note that, if we plot the spherical harmonics on a sphere of unit radius, the
variable cos@ used in the associated Legendre function P"(cos@) in the definition of the

spherical harmonics as in Eq. (57) can be viewed as the distance along the polar (z) axis from
center of the sphere. (The example associated Legendre functions in Fig. S2 correspond to the
spherical harmonics in Fig. S3.)

/‘\‘ max
- 7
4

n=20 m=10 0
7 N
/% N
,’o,l“ .‘\\\s
| ...... "0
“u:. g~ ...‘
' ’ N+ -max
\S==27

Fig. S3. Examples of spherical harmonics (technically the real part of the complex
version of the functions), plotted as colormaps on a spherical surface. Spherical
harmonics have n nodal circles (i.e., circles on this spherical surface on which the
function is identically zero), with |m| such circles passing through both poles of the
sphere. The remaining » - |m| nodal circles are parallel to the equator on the sphere,
positioned symmetrically with respect to the equator in the “northern” and “southern”
hemispheres. For each plotted spherical harmonic, the color bar scale, shown on the
right of the figure, runs between the largest magnitude, max, of the function at any angle
(or position on this sphere), and -max. With this color bar scale, the nodal circles appear
as white lines.

A simple way to describe the spherical harmonics (in their “real” forms as either sine or cosines
in the angle ¢) is in terms of “nodal circles” (see, e.g., [26]). These are circles on the sphere on
which the function is identically zero. They are either circles through both (“North” and “South”)
poles of the sphere (so, on lines of longitude on the sphere), or circles on or parallel to the
equator (so, on lines of latitude on the sphere). The function always changes sign on passing
through a nodal circle. The total number of such nodal circles is #n. The number of (longitudinal)
circles that pass through the poles is m (as a positive number, so |m/| if one prefers), and there are
n - |m| (“latitudinal”) nodal circles parallel to the equator.

The circles through the poles are always evenly spaced in azimuthal angle ¢. The latitudinal
nodal circles parallel to the equator are always symmetrically spaced with respect to the equator.
We could make a reasonable sketch of the spherical harmonics by using the equal spacing of the
|m| longitudinal nodal circles in @, and by placing the n - |m| latitudinal nodal circles
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symmetrically with respect to the equator and reasonably evenly spaced in latitude. The precise
positions in @ of the latitudinal nodal circles are given by the zeros of the corresponding
associated Legendre function B (COS 49) (which, of course, also has 7 - |m| zero crossings as a
function of #). Such pictures also correspond to the forms of the amplitude of the vibrations in
the vibration modes of an actual hollow spherical shell ([31], pp. 1469-72) (at least for those
vibrations that are “radial”, corresponding to vibrations just “in and out” along a radius).

Solving the radial equation — spherical Bessel functions

The solutions to the radial equation (46) are the spherical Bessel functions of the first and second
kinds, j,(p) and y,(0), respectively.

Spherical Bessel functions

Riccati-Bessel functions
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Fig. S4. Example spherical Bessel functions (top row) and Riccati-Bessel functions
(middle and bottom rows). For the spherical Bessel functions, we plot j,(p) (solid blue
lines) and —y,(p) (dashed red lines) (we use the minus in —y, () for graphic
consistency with the Riccati-Bessel functions). For the Riccati-Bessel functions, we plot
S, (p) (solid blue lines) and C,(p) (dashed red lines). All functions are plotted against
the dimensionless “radius” variable p. The vertical dotted grey line represents the
characteristic distance we call the escape radius p,., = /1 (n + 1)
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These are related to (ordinary) Bessel functions of half-integer order. Explicitly

(o |

n(P)=\l5 pJ,H;(p) (60)
_ [z

va(p)= 2pY,,+;(p) (61)

where J and Y are Bessel functions of the first and second kinds, respectively, and # is
conventionally taken to be zero or a positive integer.

Example spherical Bessel functions are graphed in the top row of Fig. S4. We have marked with
a dotted grey line on each graph the characteristic radial distance that we call the “escape radius”

Pan =1 (n+1) (62)

in dimensionless form, or in dimensioned form

Voo z,/n(n+1)/k (63)

From these formulas, we see immediately that

: :sinp 64
Jo(P) S (64)

' __Cosp 65
¥ (p) p (65)

Note that all the y, functions diverge at p =0, and all the j, functions are zeroat p =0
except when n=0, for which j,(0)=1.

It is also useful to look at the asymptotic behavior of j,(p) and y,(p) as p — =, i.e., for large
radius. Specifically (see, e.g., [25] p. 427)

J.(p)— %sin(p —%) (66)
1 nr
¥, (p)—)—;cos(p—Tj (67)

The solutions j,(p) and y,(p) correspond to standing waves in space. It is also useful to have
propagating wave solutions. Since the equation of which these are the solutions, i.e., Eq. (46) (or
equivalently Eq. (44)) is linear, linear superpositions of these solutions are also solutions. In
particular, we can construct the solutions

W (p)=j,(p)+iv,(p) (68)

W2 (p)=j,(p)-i,(p) (69)
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h,(,l)( p) and hf’( p) are known as the spherical Hankel functions of the first and second kinds,
respectively. One reason for introducing them is that they can correspond to propagating waves.
In particular, we see by substituting the asymptotic forms of j,(0), Eq. (66), and y,(p), Eq.
(67), at large radius p that

(70)
With our choice of exp(—ia)t) as the oscillating temporal part of our waves as in Eq. (23), h,Sl)
therefore corresponds at large radii to an outward propagating spherical wave. Similarly h,(,z)
corresponds to an inward propagating spherical wave. It is a common notation to use z,(p) (as
in Egs. (44) and (46)) to refer to any of these solutions j,(p), v.(p), h,(f) (p) or h,gz)( p).

Riccati-Bessel functions and differential equation

At this point in other treatments of spherical waves (e.g., Refs. [25], [30]-[33], we would
proceed to put the separated solutions together using Eq. (38), and we will do this shortly.
However, there is one additional step we take here, which is central to our larger argument: we
introduce the Riccati-Bessel functions and their differential equation.

We note first that, especially at large radial distances p, the spherical Bessel functions have an
underlying “1/ p” behavior. If we construct new functions where we take out that behavior by
multiplying by p, then we may get a clearer picture of the behavior of the functions. So, we can
construct the functions

S, (p)=rJ.(P) (71)
C,(p)=-py.(p) (72)
&,(p)=ph(p)=5,(p)-iC,(p) (73)
n,(p)= P (p)=S,(p)+iC,(p) (74)

which are known as Riccati-Bessel functions, in various forms. In particular, the &,(p) function
corresponds to an outward propagating spherical wave at large radii.

Note, incidentally, that Sy(,0) =sin p and Cy(p)=cos p, which explains the standard S and C
notation choice. We have plotted example S, and C, functions in the second and third rows of
Fig. S4. Note that, once we pass the escape radius, the functions converge quickly to unit
amplitude of oscillation, which is equivalent to saying that the spherical Bessel functions
converge quickly to underlying “1/ p” behavior.

We can also regard the Riccati-Bessel functions as representing the wave as seen in angle rather
than (transverse) position. For a spherically expanding wave of constant power, the modulus
squared of the amplitude per unit solid angle does not change, consistent with the convergence of
the Riccati-Bessel function amplitudes to unit magnitude oscillations with increasing radius.
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Other than clarifying the behavior of the radial functions, these functions have another, and
central, role in our work here. These Riccati-Bessel functions satisfy the differential equation

4%

T (p>—n(n+1))¢=0 (75)

P

where £, refers to any of the functions S,, C,, &,, or i, . That this equation is correct is easily
verified by substituting for £, using any of the equations (71) — (74) and noting that

d? ( Z)_i .4 dz, | dzz,,+2dzn
dp2 pn dp n pdp p

Using this substitution in Eq. (75) and dividing by p recovers the spherical Bessel differential
equation (46). The key point, though, is that we can rearrange the Riccati-Bessel equation (75)
into the form

_d2§n N n(n+1)

n=6n 76
Tt (76)
This is in the same form as a Schrodinger-like equation
d>*¢,
———+V . =EC, 77
i V(PG =EL (77)

where the “eigenenergy” is E, =1 for all n, and in which the effective “potential” energy is
V(p)=n(n+1)/ p*. So, for all radii p for which the “potential” energy exceeds the
“eigenenergy”’, we will have “tunneling” behavior — that is, for all p for which

1
”(”j ). (78)
Yo,
or, equivalently,
P < Pon =0 (n+1) (79)

So, for p < peen , the wave is tunneling rather than propagating. Once p exceeds the escape
radius, the wave can start to propagate rather than tunnel. Fig. S5 illustrates the propagation of
the resulting wave as function of time, for parameters as used for Fig. 1 of the main text,
showing the outward propagation at larger radial distances.
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Fig. S5. Illustration of the propagation of the Riccati-Bessel wave, plotted here as the real
part of &,(2zr)exp(—2xif,t), where r is the radial distance from the center of the
spherical wave, f, is the frequency (so a period z, =1/ f,); 1.75 periods of oscillation
are plotted. The wave has n=22 and starts from a spherical surface of radius 2.9
wavelengths. The wave amplitude has been scaled to be 1 at the edge of the sphere. The
escape radius is ~3.58 wavelengths (so ~ 0.68 wavelengths outside the spherical
surface). These parameters are the same as used for Fig. 1 of the main text. The wave
beyond the escape radius can be seen to propagate outwards as a function of time.

Expanding on the calculations in Figs. 1 and 2 of the main text, Fig. S6 shows the modulus
squared of the relative far field magnitude of the spherically expanding wave

2
Vulkr,) = én(oo)| /& (k)
surface, as a function of the order n of the spherical wave and, parametrically, of the total

? (Eq. (19) of the main text) for various radii 7, of the spherical

cumulative number of spherical waves up to and including order n (here (n+1)? for the scalar
wave case). This shows how the tunneling “tail” of this coupling decreases as the radius of the
spherical surface increases.
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Fig. S6. Extended plots as in Fig. 2, here for the scalar wave case including n=0.
Relative far-field magnitude squared y, (kr,) of the spherical wave with increasing n
for various values of the starting radius 7, (in wavelengths) of the spherical surface.
Lines are just to guide the eye. n, (vertical dotted lines), N, =(n, +1)? (vertical
dashed lines), and the spherical heuristic number Ngy = (k7,)? (vertical dash-dot lines)

are shown for each case, similar to Fig. 2.
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Fig. S7. Effective radial potentials and waves starting from a spherical surface of radius
r, = 2.9 wavelengths. Curves are plotted for n = 15, 17, 19, 21, and 23, as a function of
radial distance from the edge of the sphere. (# is the distance from the center of the
spherical surface.) (a) and (b) Relative magnitude squared of the wave as a function of
radial distance from the spherical surface, on (a) linear and (b) log scales. (c) Effective
radial potential n(n+1)/(kr)?. The dashed line corresponds to the division between
tunneling and propagating behavior. (d) Relative magnitude squared of the wave at
infinite distance as a function of n. (This is an expanded version of Fig. 2(b), with
specific n values indicated.) (¢) Real and imaginary parts of the wave
i&,(kr)=C,(kr)+iS,(kr) for the different n values, normalized to unit magnitude at the
sphere edge in each case. The escape radius 7., (in wavelengths) is also shown
(vertical dotted lines). For n =15 and 17 the escape radii of 2.47 and 2.78 wavelengths
are less than 7,, so these radii are not shown on these plots (these waves are always

propagating).
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Fig. S7 shows detailed behavior of the Riccati-Bessel waves for different »n for the example case
of r, = 2.9 wavelengths, showing the progression with increasing n from waves that are initially
propagating to ones requiring tunneling escape. The tunneling-like behavior up to the escape
radius r,,., is quite clear by eye in, for example, Fig. S7(e) for the n =21 and n=23 curves.

Curves similar to Fig. S7 but for other radii of the spherical surface are given in Figs. S8, S9,
S10, S11 and S12, showing these behaviors and their consequences. When the radius 7, and the
corresponding # for the first few tunneling waves are small numbers, the tunneling barrier, as
given by V(kr)=n(n+1)/(kr)?, Eq. (8), for the first several “escaping” waves tends to be high
but thin. For large 7, and corresponding n, the barrier tends to be relatively low but thick for
those first “escaping” waves.
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Fig. S8. Effective radial potentials and waves as in Fig. S7 but starting from a spherical
surface of radius 7, = 0.1 wavelengths. Curves are plotted forn =0, 1, 2, 3, and 4, as a
function of radial distance from the edge of the sphere.
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Fig. S10. Effective radial potentials and waves as in Fig. S7 but starting from a
spherical surface of radius , =1.0 wavelengths. Curves are plotted forn =3, 5,7, 9,
and 11. The escape radius 7., (in wavelengths) is also shown (vertical dotted lines).
For n=3 and n =35, the escape radii of 0.551 and 0.872 wavelengths, respectively, are
less than r,, so they do not appear on this plot (these waves are always propagating).
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Fig. S11. Effective radial potentials and waves as in Fig. S7 but starting from a
spherical surface of radius 7, =10 wavelengths. Curves are plotted for n = 59, 62, 65,
68, and 71. The escape radius r,,., (in wavelengths) is also shown (vertical dotted
lines). For n =59 and n =62, the escape radii of 9.47 and 9.95 wavelengths,
respectively, are less than r,, so they do not appear on this plot (these waves are always

propagating).
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Fig. S12. Effective radial potentials and waves as in Fig. S7 but starting from a
spherical surface of radius , =100 wavelengths. Curves are plotted for n = 621, 627,
633, 639, and 645. For n =621 and n =627, the escape radii of 98.91 and 99.87
wavelengths, respectively, are less than r,, so they do not appear on this plot (these
waves are always propagating).
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Change of character of the solutions at the escape radius

Note from Eq.(77) that, at this transition from tunneling to propagating (so V' = E'), the second
derivative of the Riccati-Bessel functions is exactly zero. (Indeed, if one prefers, one can use this
mathematical definition instead of the Schrédinger equation analogy to describe the escape
radius and the wave behavior.) To be more specific, from Eq. (77), at this transition (i.e., at the
escape radius 7., , or, equivalently, O, )

¢, (p)|
¢ (p) dp’ |

This value p,q, is the only radius for which this is the case for both the real and imaginary parts
of ¢, , and this can be taken as an alternative and equivalent mathematical way of defining the
escape radius.

For smaller radii (so, ¥ > E), this derivative (in the form (1/,)(d>¢, /dp?)) is always
positive, so these functions are never oscillatory for radii below the escape radius. Indeed, for
some function f(s) as a function of some position variable s, we could regard the criterion

=0 (80)

P=Pescn

2
l% >0 (81)
f ds
as defining what we mean by “quasi-exponential” or “tunneling” and the complementary
criterion
1 2
1d { <0 (82)
f ds

as what we mean by “quasi-oscillatory” or “propagating”.

Once we pass the escape radius (so, E >V"), (1/¢,)(d?S, / dp?) is always negative. Then,
when the function £, is positive, the second derivative is negative, so the function eventually
must turn “down”, which eventually pushes the function negative. When the function ¢, is
negative, the second derivative is then positive, which means the function eventually must turn
“up”, which pushes the function positive, and so on, giving some kind of oscillating behavior.
This is consistent with the graphs in Fig. S4, and we may also be able to discern by eye the
change in character in the Riccati-Bessel functions from “quasi-exponential” to “quasi-
oscillatory” as the radius passes this escape radius.

Again, note that this transition from tunneling to propagating behavior, though clear from our
discussion here of the differential equation (76), is not at all obvious from the explicit formulas
for Riccati-Bessel functions in terms of sines, cosines and series of inverse powers of the radius
(see, e.g., [25], p. 426). For example, the Riccati-Bessel functions for #» =1 have explicit
formulas

Sl(p)=Sir/1)p—cosp, Cl(p):_cl(;sp—sinp (83)
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It is straightforward to verify algebraically that the second derivative of both of these functions is
zero when p = V2 (which is the corresponding escape radius in dimensionless units for the
outward Riccati-Bessel function &;(p)), but it is far from obvious from these functional forms
that we have tunneling behavior for p < V2 and propagating behavior for p > V2.

S1.3 Complete solutions for scalar spherical waves

Now we can return to the original proposal for separable solutions in Eq. (38). With the spherical
harmonics Y (6,¢) as a convenient way of writing the functions ®(0)D(¢), and with

nm

zn (p) z, (kr) representing the spherical Bessel functions in any of the forms j,(p), v.(p),

(p) or h (,0) and similarly &,(p) = ¢, (kr) representing the Riccati-Bessel functions in
any of the forms S,(p), C.(p), &.(p), or 17,(p), the separable solutions of the scalar
Helmholtz equation (24) in spherical polar coordinates are given by

Unn (1) =2 (k) on (0.6) =, (17) o (0.9) (84)

A key point about such a separated solution is that, for any such wave, it retains the same angular
shape Y,,(6,9) at all radii r or p. Note, incidentally, that beams that retain the form of their
shape as they propagate are unusual in solutions of wave equations, especially ones that make no
“paraxial” approximations. (Hermite-Gaussian or Laguerre-Gaussian beams in free-space can
retain the form of their shape, with a scale factor, as they propagate, but they are based on
paraxial approximations.)

We are particularly interested in the waves that are outward-going waves at large radii —
essentially, we are imposing a “radiation condition” on our solutions. In that case, the possible
separated solutions are

Unnoa (1) =13 (kr) 1 (6.9) 5( )Y (6.9) (85)

S1.4 Representing arbitrary outgoing scalar waves in spherical waves

Now, spherical harmonics form a complete set for describing any function f,,(6,¢) of the angles
fand ¢ (see, e.g., Ref. [25], p. 108). Formally, we could decompose f,,(6,¢) onto the spherical
harmonic basis, writing

£, (6.9) 2 Z a,,Y,, (86)

n=0 m=—n
where
2r &
a,,= [ [ 1:.(0.9)1,(6,4)sin0dodg (87)
$=06=0

With these coefficients, we can now represent the entire outgoing wave w(r,6,¢). Formally,
that expansion takes the form
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v(r0.)=3 Y b1 (kr)Y,, (6.9) (88)

n=0 m=—n

for some expansion coefficients b, . Since we presume we know the angular form f,,(6,9) at
radius 7,, then we have

v (r.0.0)=1,(0.0)=33 a, %, (0.6)=3 3 b, 1" (kr,)Y,, (0.4) (89)

n=0 m=—n n=0 m=—n

from which we can conclude that
b, (kr))=a (90)
or, equivalently,

b, =a, /h (k) (91)

nm

Hence, given the angular form f,,(6,¢) of an outgoing wave at any particular radius 7, , we can
expand it in the set of functions U, (r) as in Eq. (85), and describe this wave at all other
positions in this empty space or uniform medium outside this spherical surface of radius 7, .

Of course, it is not the case that such an arbitrary outgoing wave ¥ (r,6,@) generally remains
the same angular shape as it propagates. The specific functions U, (r) or, since the
orientation of axes is arbitrary, any rotated version of them, do, however, have this property of
retaining their shape as they propagate out. It is also the case that any linear combination of such
functions with the same n but different m values will have this property because they all share
the same radial function hl(l) (r).

S2 Vector waves in spherical coordinates

Vector wave solutions in spherical coordinates have been studied extensively, starting at least
with Mie[19] and Debye [20], especially to understand scattering properties of spherical particles
and other objects, with significant current technological interest also[22], [34]. Textbook
treatments are given, e.g., by Stratton [30], Morse and Feshbach[35], Bohren and Huffman[32],
and Tsang et al.[33]. Our primary interest is in counting orthogonal waves rather than solving
scattering problems. Since our results relate to different phenomena, especially tunneling escape
of waves, we give a relatively complete discussion and derivation of the major results here.

Based on an approach by Bouwcamp and Casimir[36], there is a relatively short derivation that
applies only to vector electromagnetic fields — explicitly the electric and magnetic fields E and
H. This approach is based on the scalar fields r-E and r-H, which must[25], [36] also satisfy
the scalar Helmholtz equation, Eq. (24); this is the approach used by Jackson[25] to derive the
solutions (and specifically the multipole field expansion) for vector electromagnetic fields. Since
we want also formally to prove that the “tunneling” analysis can apply to other vector fields as
well, including acoustic and elastic waves, we give the more general derivation here.

We start by defining some general mathematics for vector fields in spherical coordinates.
Initially, we postpone discussion of the special case of electromagnetic fields.
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S2.1 Vector spherical harmonics

As a preliminary, we define the vector spherical harmonic functions, [35], p. 1898-99 and [33],
p. 27). These are three sets of vector functions of the spherical polar coordinates (7,6,¢) that can
describe any vector function of the angles #and ¢ on a spherical surface of radius ». They are
based on the spherical harmonic functions Y,,,(€,¢) and some of their vector derivatives. They
can be defined[33] as

P,.(60,0)=1Y,,(0,¢) n=0,1,2.., -n<m<n (92)
B,.(0,¢)=rVY,,(0,¢) n=1,2..,-n<m<n (93)
Con (0.4)=Vx[rY,,(6,4)] n=12.., -n<m<n (94)

where T is a unit vector in the radial direction for the point of interest on the spherical surface.

These different functions are all orthogonal to one another in the angles #and ¢, both for
different n and/or m and, for different ones of the P,,, B,,,, and C,,, , even for the same »n and
m. Taken together, they form complete sets for describing any vector field as a function of angles
@ and ¢ on a spherical surface of radius 7. Note that P,,, describes functions that are radially
polarized (or “longitudinal®), i.e., vectors that point exactly inwards or outwards, perpendicular
to the spherical surface.

In component form, we can perform the vector derivatives for B,,, and C,,, . First,

B, (0.4)= {édieﬂ”’ (cos@)+¢ si?@ P (cos 9)} exp (img) (95)
For C,,, we note that, because of the vector calculus identity
Vx(fa)=Vfxa+ fVxa (96)
and the fact ([37], pp. 149-150) that
Vxr=0 (97)
we can rewrite Eq. (94) as
Con (6.8)=VY,,(0,¢)xr (=—FxB,,(6,¢)) (98)
and so we obtain
C, (0.4)= {é " _pn (cos ) - gL P (cos 0)} exp (img) (99)
sin @ do
Incidentally, note also the relation
B,..(0,¢)=1txC,,(6,9) (100)

which is readily proved from these component forms.
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Egs. (100) and (98) imply that both B, and C,,, represent fields that are tangential to the
spherical surface, so they are both expressible entirely in terms of components in the § and ¢3
directions, i.e., they represent “transverse” fields on the spherical surface. (Note: B,,, should not
be confused with the B magnetic field; here it represents just a specific mathematical vector
function related to spherical harmonics.)

Note above that, while in Eq. (92) we have listed P,,, as being defined for the integer n starting
from 0O, for B,,, and C,,, , n starts from 1. This turns out to be quite important for the behavior of
vector waves, especially electromagnetic ones. We can see the reason for this if we remember
that the spherical harmonic for n=0, Yy, is the same for all angles #and ¢. Since spherical
harmonics do not depend on radius r, being only functions of angle, then all derivatives of Y,
are zero, so VY, is the zero vector. From the definition Eq. (93) that means B, would also be
the zero vector. Similarly, from the definition Eq. (98), it follows that Cy, would also be zero.

Note also that these various vector spherical harmonics represent orthogonal polarization
directions. Obviously, P, represents only radial polarized fields (i.e., in the ¥ direction), and

m

neither B,,, nor C,, has any radial components, so they are fields that are always tangential to a
spherical surface. Also, we can verify directly from the component forms Egs. (95) and (99) that

B, C,=0 (101)
so B,, and C,,, represent orthogonal polarizations on the spherical surface.

S2.2 General vector fields in spherical coordinates

Consider any vector field F in three-dimensional space that it is sufficiently differentiable and
falls off at least as fast as 1/7 as r — oo, where r is the radius of some large bounding sphere.
Then any such field F can be decomposed into two parts

F=L+T (102)
where

L=V, (103)

is the “longitudinal” field, where ¢; is a scalar function of space (which we call a scalar
potential), and

T=VxA, (104)

is the “transverse” field and Ay is a vector function of space, which we call a vector potential.
(Note we are not yet identifying ¢; or A; with any scalar or vector potentials in
electromagnetism; this is a general statement for such fields. Note too that L should not be
confused with other uses of this notation for angular momentum.) This decomposition (102) is
known as Helmholtz’s theorem or the Helmholtz decomposition (see, e.g., [35], p. 1763 and[37],
p. 178).
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Though L and T are referred to as “longitudinal” and “transverse”, L is not necessarily a purely
radially polarized field in spherical coordinates, nor is T necessarily polarized transverse to the
radius vector in spherical coordinates, though they can be purely longitudinal and transverse
respectively at large distances (i.e., in the “far field”) from the center of some source.
Nonetheless, these “longitudinal” and “transverse” notations are common and convenient.

Now let us presume that our field F of interest is to satisfy the vector Helmholtz equation
VF+k’F=V(V-F)-VxVxF+k’F=0 (105)
where we use the vector calculus identity
VA=V (V-£)-VxVxf (106)

for any appropriately differentiable vector function f. (We will formally prove below that
electromagnetic waves satisfy the vector Helmholtz equation, though for the moment we just
presume we have some vector field that satisfies this equation.)

We consider first the longitudinal field L =V, . (We do this mostly for completeness; this

component will not appear for electromagnetic fields at finite frequencies, as we will show
below, though it may exist for elastic waves, for example as longitudinal sound waves in solid
media.). Noting that, for any scalar function /', VxVf =0 as a vector calculus identity, then Eq.

(105) becomes
V(V-L)+k’L=0 (107)
So, noting that V-Vf = V2 by definition, then substituting from Eq. (103) in Eq. (107)
—V (V3¢ +k*¢,)=0 (108)
So L is a solution of the vector Helmholtz equation if ¢, is a solution of the scalar Helmholtz
equation
Vg, +k*¢ =0 (109)

(so longitudinal sound waves, modeled using an underlying scalar Helmholtz equation, can
correspond to solutions of the vector Helmholtz equation, for example).

Now we consider the “transverse” components of the fields. Quite generally, since V- (Vxf)=0

for any appropriately differentiable vector function f, then from Eq. (104) we have V-T =0.
Hence, for such “transverse” fields, the vector Helmholtz equation, Eq. (105), becomes

VxVxT=kT (110)

Following Stratton[30], pp. 414-5 (see also [35], pp. 1764-6), we can propose a solution for Eq.
(110) in the form

M=Vx(ry,) (111)
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where r is the position vector of the point of interest, which we can regard as a radial vector in
spherical polar coordinates. (So, we are choosing a “vector potential” function A, =ry,, as in
Eq. (104); note we are not identifying this as the magnetic vector potential of electromagnetism —
this is just a mathematical construct.)

Using the identities Egs. (96) and (97), we can rewrite Eq. (111) as
M=Vy,, xr (112)

which means M is perpendicular to r, so there is no component of M in the ¥ direction. Hence,
performing the curl in (111) in spherical polar coordinates gives
a1 o(rwy) a1 o(rwy,)

M_Hrsinﬁ o¢ ¢r o¢ (113)

If we then construct VxV xM by elementary vector calculus operations in spherical polar
coordinates, we find that this M as in Egs. (111) or (112) satisfies the vector Helmholtz equation
in the form of Eq. (110) (see[30], p. 415 and[35], pp. 1764-6), i.e.,

VxVxM =k’M (114)
if ), satisfies the scalar Helmholtz equation in the form Eq. (109), i.e.,
Vi, +ky, =0 (115)

So, now we have found one possible kind of solution M as in Eqgs.(111) or (112) for the
“transverse” solution of the vector Helmholtz equation (105) or (110), a solution that is based on
an underlying scalar function y,, satisfying the scalar Helmholtz equation.

Now we can propose another solution for the “transverse” field, which we can write as
1
N= 7 VxM (116)

(The 1/ k factor is introduced for convenience to give N and M the same physical dimensions.)
Then

VXNI%VXVXMZ/CM (117)

where we have used Eq. (114). Hence
VxVxN=kVxM=k’N (118)

So we have shown that this N as defined in Eq. (116) is also a solution of the vector Helmholtz
equation for “transverse” fields.

So, finally, we have three solutions to the vector Helmholtz equation (105); a “longitudinal”
solution L, Eq. (103), and two “transverse” solutions M, Eq. (111), and N, Eq. (116). Note that
all of these are based on scalar functions that satisfy a scalar Helmholtz equation. When we solve
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those scalar equations in spherical coordinates, we get the same radial behaviors as we found for
scalar waves.

S2.3 Explicit forms and sets of solutions for vector waves in spherical
coordinates

Presuming for the moment that all these (vector) solutions L, M, and N can exist (the L solution
will not exist for electromagnetic fields at finite frequencies, as we show later), we can now use
known solutions of the scalar Helmholtz equation to construct sets of these vector solutions. In
particular, in spherical polar coordinates in uniform isotropic media, we can propose for the
scalar solutions ¢, or y,, any of the functions (Eq. (84) above)

Unn (1) =2 (k) o (0.6) =G5 (17) o (0.9)

We remember that z,(kr) are any of the spherical Bessel functions (or linear combinations of
them) for a given order n, ¢, are similarly any of the Riccati-Bessel functions, and Y,,, are the
spherical harmonics.

We can form the L solutions (if they exist) using one of the U,,,(r) functions for ¢; in Eq.
(103). For consistent physical dimensions, we introduce a constant factor 1/ &, giving

Lo, (1.0.8) = VU, =2 Y[z, (k) 1, (6.9)]

~ 1 d n kr 1
:rE ZCI(I" )Ynm(0’¢)+Ezn(kr)vyﬂm(0’¢) (119)
(), 2, ()
= (i) iY,,(0.¢)+ o vy, (6.9)

In terms of the vector spherical harmonics defined above, we can write this as

dz (kr kr
L, (r, 0,¢) :%kr))l)m" (9,¢)+%an (6?,¢) n=0,1,2..., -n<m<n (120)
where the vector spherical harmonics P,,, and B, are given by Egs. (92) and (93), respectively

(and we note that B is the zero vector). Explicitly, in component form, we have, using Egs.
(92) and (95)

L, (r.0,4)=
{d;n(g;) P (cos 0)i + znlg:‘fr) [%an (cos0) 0+ sii::Q P (cos 0)4}exp(z’m¢) (121)

Similarly, we construct
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M, (r.0,4)=Vx[rU,, |=Vx|rz,(kr)Y,,(6,4)]
=Vx|z, (kr){rY,, (6.4)}]

=Vz, (kr)xrY,, (6,8)+z, (kr)Vx[rY,, (6.9)] (122)

xrY,, (0,4)+z,(kr)C,,(0.¢)

where we have used the vector calculus identity Eq. (96). Now using the fact that rxr =0
because these vectors are parallel, the first term on the right on the last line of Eq. (122)
vanishes, leaving

M, (7.0,4)=z,(kr)C,, (6,4) n=12...,-n<m<n (123)
where C  is given by Eq.(94). Explicitly in component form, using Eq. (99)
M, (r0.4)=z, (kr)[si"re B (cos0)0-pr (cosﬁ)é}exp(imm (124)

We can construct the set N, starting from the M,,,, functions using the component form of Eq.
(124). (We need the component form because we need to use a result that lies outside of vector
calculus and its identities.) For our vector function M,,, = M ,,mgé +M ,,m¢¢3 above with no
component in the r direction, explicitly for N,,, = N, + Nm,,gé+ Nmn¢¢? ,

1

NﬂlVIZEVXan
(125)
1 0 . oM 1 0 ~ 10 A
= —(M 0)-—=& \t———(rM,,,,)0+——(rM
krsine[ae( s $i10) o4 } o oMo ) 042 (M)
For the 6 and 413 parts, we have
10 1 0 A
Nmnae Nmn¢¢_ ( mn¢)6+_rar(ran9)¢
B 1d[rzn(kr)] d _, A 1d[rzn(kr)] im . '
:{ETQI_H ’ (COSG)H+E ry “nd P (cos )¢ exp(img)
(126)

d k L n
L N e coso)i I pe (coso)lex(im)

1 d|krz, (kr)]
ke d(k) ™

The r component becomes
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N, = 1 i(Mmm,; sin@)—%
krsin@| 00 o¢

(127)
1 1 o . ,dP"(cos@)) m’
=—z (kr)| - —| sinf—= + P" cos@ |exp(i
o )[ Sin 0 ae[ do J sin” 0" p(img)
Changing variables from € to 1 = cos @, and noting that
A _deosh d__ g (128)
do df dcosd dcos@
and sin’ @ =1-cos’ #=1-7", we have
1 , dP!" (cos ) m*
N  =—z (kr —sin®  —= + P" (cos@)exp(im
" krz"( ){80056{ d cos 8 } sin*@ " ( )pexp(img)
(129)

_ 1 m_ o d AU .
_EZ"(kr){(l—nz)P" (U)_d_n{(l_” )TU}}CXP(’”W)

Now we recognize that we can substitute for the term in braces {} using the defining differential
equation for the associated Legendre functions, Eq. (47), obtaining for the r part of N,,,,

mn

(kr)Pn'”(cosﬁ)exp(im(,é)f‘En(n+1)$zn(kr)P (130)
so finally we have, in terms of the vector spherical harmonics,

N, =n(n+1):o, (1) 1 dlkz, (k)]

=12..., n<m< 131
mn mn kr d(kr) mn n n m n ( )

Ny, is omitted (so z starts from 1) because B, is the zero vector as discussed in its definition
above and, though Py, is not in general the zero vector, it is premultiplied by the factor » in Eq.
(131), so there is no contribution for n=0.

To emphasize an important point from these results, while L, is defined (Eq. (120)) for all
n=0,1,2,...,both M,,, and N,,, are defined (Egs. (123) and (131)) starting from n =1, i.e., for
n=1,2,....

(In our constructions above of L,,,, M,,,, and N,,,, we have avoided normalizing factors for
simplicity since we do not need them, but normalized versions are given in [33], p. 27.)

S2.4 Near and far field vector waves in spherical coordinates

We can conveniently divide the various terms in L,,, M,,,, and N,,, into what we can call
“near-field” and “far-field” terms. Here by “near-field” we mean terms that certainly fall off
faster than 1/7 at larger radii r, so they cannot correspond to waves that propagate in the far
field. By “far-field”, conversely, we mean terms that fall off with an underlying 1/r
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dependence, so they can correspond to propagating spherical waves of constant power for large
r.

We note that the various spherical Bessel functions z,(p) (i.e., explicitly, j,(0), y.(0),

hg,l)( p) or hﬁf)( p) ) all have an underlying 1/ fall-off in their magnitude at large r (as well as a
quasi-oscillatory behavior with r at large enough 7). So, for example, a term in z,(kr)/ kr is
falling off as ~1/77; so, it is a “near-field” term in our categorization. A term with the simple
derivative dz,(kr)/dkr , however, because of the quasi-oscillatory part, has a large component
that falls off as ~1/7, so we categorize it as a “far-field” term here. (Note explicitly that
dz,(p)/dp=(n/p)z,(p)—z,.1(p), in which the component in z,,;(p0) falls offas ~1/p). A
function krz,(kr) is essentially independent of » (in its overall magnitude) at large r. (In fact, it
corresponds also to a Riccati-Bessel function, which we have explicitly seen above tends to a
constant magnitude of quasi-oscillation at large .) A term with the derivative d(krz,(kr))/dkr
is therefore (in magnitude of quasi-oscillation) also essentially independent of » at large »; so a
term in (1/ kr)d(krz,(kr))/dkr is falling of as ~1/r at large r, so it is a “far-field” term.

With these categorizations of near- and far-field terms indicated by superscripts, we can write for
Lmn

L, =L"" 1/ (132)
from Eq. (120) with
k.
L(”:;ar) — z, ( l”) an (0,¢) (133)
kr
and for N,,,
N, =Ny N (134)
from Eq. (131) with
Nreer) =n(n+1)%zn(kr)Pmn (135).

M,,, does not have any corresponding near-field terms, so we can collect and state all the far-
field terms as

dz (kr)
L =" p (g =0,1,2..., -n<m< 136
mn d(k]") mn( ’¢) n n m n ( )
M, (r.0,4)=z,(k)C,, (6,4) n=12..,-n<m<n (137)
d[ krz (kr
N;Cj‘f)zimlam(e,gé) n=1,2..,-n<m<n (138)
ke d(kr)
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(Eq. (137) is the same as Eq. (123) above.) The allowed ranges for # (including in particular
whether n=0 is allowed) follow from the corresponding ranges for L,,,, M,,,, and N,,, in Egs.
(92), (93), and (94).

We see also that these far-field terms have simple polarization behavior. L, is radially
polarized, and M,,, and NY%) have transverse polarizations that are also orthogonal to one
another. Remember Eq. (101), B,,,-C,,, =0, so

M,, N =0 (139)

(It is also quite generally true that M,,, (as in Eq. (123)) and N,,, (as in Eq. (131)) have
orthogonal polarizations because P, , being radially polarized, is orthogonal to the polarizations
of both B,,, and C,,,.)

S2.5 Electromagnetic waves in spherical coordinates

So far, we have considered vector fields quite generally that satisfy a vector Helmholtz equation
in spherical coordinates, leading to sets of solutions L,,, M,,,, and N, that are based on
vector spherical harmonics P,,,, B,,,, and C,, and spherical Bessel functions (or, equivalently,
Riccati-Bessel functions). Sound waves in air and some kinds of elastic waves in solids can
satisfy such an equation (or a slightly extended version with different transverse and longitudinal
wave velocities, as appropriate for a homogeneous isotropic solid material, for example[35]).
Indeed, sounds waves and such elastic materials are known to support the kinds of longitudinally
polarized waves (e.g., velocity waves for sound) that can be described using the L,,, functions.
Though we will not consider such sound or elastic waves further, we could use exactly the
techniques in this work to analyze the numbers of such propagating waves and their tunneling
escape.

The vector waves of most interest to us will be electromagnetic waves. As we demonstrate
below, those satisfy the vector Helmholtz equation, though only the M,,, and N,,, sets of
functions are required to describe them in spherical coordinates. The L, waves are not present,
as we will show.

We start with Maxwell’s equations for the electric and magnetic fields E and B, respectively, for
the case of a uniform isotropic material, so with constant permittivity £ and permeabilityz, and
with no net charge density or current density.

V-E=0 (140)
V-B=0 (141)
VXEz—a—B (142)
ot
OF,
VxB=ug— 143
y o (143)

So
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OB 0 O’E
VXVXE=Vx| — |=——(VxB)=—ue
( 8t] o V> B)=—ue s
So
O’E
VxVxE+ us p¥e =0 (144)
Similarly
OE 0 o’B
VxVxB=pusVx|— |=pus—(VxE)=—-ue
# (azj # at( )= ot
So
o’B
VxVxB+ ue pve =0 (145)
As usual, we can identify
e =1/v* (146)

where v is the wave velocity. Since we are only interested in monochromatic fields at some
(angular) frequency w, so with a presumed time dependence oc exp(—iawt), Eqgs. (144) and (145)
become, respectively

VxVxE=k’E (147)
VxVxB=k’B (148)

where the wavevector magnitude £ is given by

k:Q:\/Ea)
v

Noting the vector calculus identity V*f =V(V-f)-=V xV xf , Eq. (106), and noting that both
V-E and V-B =0 (Egs. (140) and (141)), we can if we wish rewrite these as the full vector
Helmholtz equations

VE+Kk’E=0 (149)
V’B+k’B=0 (150)
Though, in fact, Egs. (148) and (147) are all we need.

Suppose now we consider the E field in the full Helmholtz decomposition as in Eq. (102), which
would lead to a representation

E=Vg, +VxA, (151)

for some formal electric scalar and vector potentials ¢ and A ;. (Note, incidentally, that the ¢
defined this way would correspond to minus the electrostatic potential ¢ as conventionally
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defined in electrostatics, where for static fields E = -V ¢.) However, from the Maxwell equation
(140) in the absence of net charge density, V-E =0, and since generally V-(Vxf)=0, we have

V-E=V§, =0 (152)

(where we note V-Vf =V f ). But if the “longitudinal” component L = V¢ is to be a solution
of the vector Helmholtz equation, we require that ¢z satisfies the scalar Helmholtz equation
(109), i.e., V2 +k2¢z =0. Since V24, =0 (Eq. (152), we can only have a finite L =V ¢ for
k=0, which corresponds to a static electric field (which satisfies Laplace’s equation for no
charge density, V2¢; =0 ). So, for finite frequencies, there is no longitudinal field component L
for the electric field.

Since also V-B =0, Eq. (141), we have an identical argument to discard the longitudinal field
component L for the magnetic field. Hence, for both electric and magnetic fields at a finite
frequency, we need only the M,,, and N,,, functions to describe them (each of which satisfies
the equations (147) and (148)).

Hence, in summary conclusion, electric and magnetic fields in uniform isotropic media with no
charge density or current density, at some frequency @ with corresponding wavevector
magnitude £, can be represented in spherical coordinates using the two sets of functions
M,,.(r,6,9), Eq. (123), and N,,,(7,60,9), Eq. (131), and in simpler form in the far field by
M,,.(r,6,9) (as before) and NUar) (r,0,9), Eq. (138). In all cases, n=1,2..., -n<m<n. Note
again that there are no n» =0 solutions for these electromagnetic waves.

So, what we have shown for electromagnetic waves in uniform isotropic media is that

(1) There is no L spherical wave.

(11) For each of the electric field E and the magnetic field B, there are both M and N
spherical waves.

(ii1))  There are no n =0 spherical waves.

All that remains now is to write out these results for the M and N waves for the electric and
magnetic fields in some conventional form.

S2.6 Relation to multipole expansions

The electromagnetic results we have derived above correspond conventionally to the multipole
representation of electromagnetic waves. Jackson[25], pp. 430-1, defines two sets of fields, in
terms of electric field E and magnetic field H =B/ i . Historically, these multipole fields are
sometimes known as magnetic and electric multipoles, though that notation can be confusing.
Instead, we use the alternate notation of “transverse electric” (TE) and “transverse magnetic”
(TM) multipoles, which relates more naturally to propagating wave behavior. In our notations for
n, m, and with z,(kr) as any linear combination of spherical Bessel functions of order n, we can
write these results as follows.

(1) The transverse electric (TE) (or “magnetic’’) multipole of order (n, m), is given by
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E ( 9¢)——i\/§zn (kr)(rxV)Y,, (6.9) (153)

H(f)(r,9,¢)=—i%\/% VxE,’ (154)

Using Egs. (98) and (123), Eq. (153) becomes

TE(r0¢)—l\/:Z( H¢E\/7M r¢9¢ (155)

Using Eq. (116), Eq. (154) becomes

H"(r,0,4)=N,, (r.0,9) (156)
(i1) The transverse magnetic (TM) (or “electric”’) multipole of order (n, m) is given by
H") (r,0,8) =iz, (r)(rxV)Y,, (6,4) (157)
EL (1,0 ¢)—z%\/; vxH (158)
Using Egs. (98) and (123), Eq. (157) becomes
H")(r,0,¢)=iz,(k)C,,(6,4)=iM,, (r,0,8) (159)

and using Eq. (116), Eq. (158) becomes

E)") (r.0.4)= \E N, (7.6.9) (160)

Hence, the M,,,, and N,,, functions are basis functions for these expansions. So, our
representation of electromagnetic fields in terms of M,,,,(7,6,¢) and N,,,(7,6,®) is the same as
the multipole expansion of electromagnetic fields. Note still, as mentioned explicitly also by
Jackson[25], p. 431, these functions are defined only for # starting at 1, not zero.

For completeness, we can mention that, to obtain normalized versions of these multipole
radiation functions for convenient expansions, Jackson [25], p. 431, introduces a set of functions

X,, (6.4)= ﬁ(w) L (0.9)=———c,, (0.9) (161)

n(n+1)
in terms of which
M,, (r,0,¢)=—iyn(n+1)z, (k)X,,(6.4) (162)
N,, =%V><Mm” :% n(n+1)z, (kr)VxX,, (6.9) (163)

These sets of functions X,,, are also explicitly orthogonal for different » and/or different m.
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Note, incidentally, that these definitions from Jackson[25] are not formally dimensionally
correct. They get the relative dimensions of electric and magnetic fields correct, but they
formally correspond to a dimensionless H field. To be dimensionally correct, all these fields
would need to be multiplied by a constant with dimensions of amperes/meter (those being the
units of the H field). (One possible reason for Jackson’s choice is that there is no obvious
combination of the fundamental constants ¢, and z, and the velocity of light in
electromagnetism itself that has the dimensions of either the E field or the H field.)

Incidentally, for a spherical shell volume enclosing some sources, the radius of that sphere is
essentially telling us when we can stop including terms in a multipole expansion. Once the
escape radius associated with a given n becomes sufficiently much larger than the sphere radius,
we may stop including further terms in the expansion.

S3 Communication modes for scalar spherical waves

The primary interest in this paper is how waves behave as we propagate out from a spherical
surface. We have shown the various scalar (and vector) waves in spherical coordinates that could
be considered as a basis for any such outgoing waves. There is an underlying way of thinking
about waves that clarifies that these are a complete basis for any outgoing waves, and that
explicitly links to the orthogonal channels for communication in such systems. This is the
communication mode approach[12], which establishes the orthogonal source functions in a
source space that communicate to resulting orthogonal waves in a receiving space.

This approach is based on the singular-value decomposition of the coupling operator Gg; (or
equivalently, the Green’s function Ggg(Iz,rs)) between the source and receiver spaces. It
rigorously and uniquely (within geometric degeneracies) gives these pairs of basis functions in
the source and receiver spaces. The corresponding waves in the space between the source and
receiver spaces can be calculated from these, but it is important to understand that the
eigenfunctions and orthogonalities here are for the functions in the source space and the
receiving space.

If we consider, for example, a spherical or spherical shell source space, of (outer) radius rg, and
a (concentric) spherical shell receiving space with some larger (inner) radius 7y, (so there is
space between these two spherical surfaces) as in Fig. S13, we can rigorously and analytically
calculate these orthogonal source and received wave functions in those spaces. We take
thicknesses Arg, and Aryg, , respectively, for these source and receiver shells that we presume to
be very small, both compared to a wavelength and compared to the radii of the shells.

As we construct these volumes and the associated communication modes, importantly, we will
see that the resulting waves we can calculate for the space between these spherical surfaces
correspond exactly to the spherical waves we have established above. So, these spherical waves
correspond to the waves associated with the communication modes of such a spherical system.
This guarantees that these waves are complete for describing any such outgoing wave because
we know from the communication mode analysis that the waves in the spherical shell receiving
volume form a complete set for describing such outgoing waves.
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Fig. S13. Illustration of thin, concentric spherical shell source and receiving volumes.

Note that, as is generally the case for communication modes, the waves in the space between the
source and receiving volumes are not the eigensolutions of the problem — they are not the
“modes”. In fact, in the present problem, though each one of the waves in that space can be
described as the solution of a differential equation that is in eigen equation form, Egs. (7) (in the
main text), (76) or (77), the equation is different for different n; explicitly, the potential energy is
different for every n. These waves for different » are not solutions of the same differential
equation; they are not different eigensolutions of the same equation.

In contrast, the communication modes are sets of functions, one for the source space and one for
the receiving space, that are each sets solutions of the same eigenequation (with a different,
though related, eigenequation for each of the two spaces, source and receiving). These sets of
functions in each space, because they are the eigenfunctions of compact Hermitian operators in
each case, do form orthogonal and complete sets of functions for describing any source in the
source space and any corresponding resulting waves in the receiving space. To repeat, the waves
we have calculated above turn out to be the waves associated with the communication modes
between source and receiver spaces with concentric spherical surfaces, and this proves the
completeness of these waves for describing any outgoing (scalar) wave from a spherical surface.

Now let us formally solve for the communication modes for this spherical shell problem. Quite
generally, we can write the coupling operator in the singular-value decomposition (SVD)
form[12]

Gz =20, |dey ) (ws] (164)
J
Here the Dirac “ket” notation ‘¢Rj> is a function representing a wave in the receiving space, and

is one of the complete set of functions (indexed by j) in that space that results from solving the
eigen equation GGl ‘¢R/> = |(7j|2 |¢r;) where the 1 indicates the Hermitian adjoint
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(conjugate transpose) of the operator (or matrix). Similarly, ‘l//g,-> is one of the complete set of
eigenfunctions of the equation G},G ‘Ws,»> = |a j|2 ‘I//Sj> . (The “bra” <l//S]' ‘ is the Hermitian
adjoint of ‘WSJ> ; if we think of these as mathematical vectors, the “ket” is a column vector, and
its “bra” version is a row vector with complex conjugated elements.) Note GG}, and GG
are both Hermitian operators and have provably non-negative eigenvalues[12].

Conventionally, we choose these eigenfunctions to be normalized; together with their known
orthogonality (which follows from them being eigenfunctions of Hermitian operators), we can
write the “orthonormality” relations <¢Rp ‘¢Rq> =0,, and <l//Sp ‘l//gq> =0,,, where J,, is the
Kronecker delta, with 8,, =0, p # g; 0,, =1, p = q. Because of this orthonormality, we can see
from Eq. (164) that

Gse|ws)=0;|ds) (165)

That is, each one of the orthogonal source functions ‘I/IS]> leads to the generation of the
corresponding one ‘¢R/> of the orthogonal received wave functions, with an (amplitude) coupling
strength given by o;, which is known as the singular value, and which can be a complex
number, corresponding to the specific phase relationship between the source and received

functions.

Hence the SVD gives a set of orthogonal source functions that couple one by one to a set of
orthogonal resulting waves, and this can be viewed as the physical meaning of the SVD in this
case. Note that this decomposition Eq. (164) is unique (other than for symmetry degeneracies as
usual with eigen problems). So, if we find a set of orthogonal functions in the two spaces that
represent the operator in this way, we have found the SVD of the operator.

Now, the free-space Green’s function of the Helmholtz equation (1) can be written (Jackson[25],
Eq. 9.98 on p. 428, also Hanson and Yakovlev[38], Eq. 5.172, Varshalovich et al.[39], p. 165,

Eq. (19))

DR 5§ o) @0 e (08) (160

" —
G(r,r ) B 47z|r —l"| n=0 m=—n

where we can regard r’ with spherical coordinates (#',&,¢') as being the position of the source
and r with coordinates (r,6,¢) as being the position at which we examine the resulting wave.
Note immediately that, because the spherical harmonic functions are complete and orthogonal
for describing functions of angle in spherical coordinates, this expansion is already close to the
form of Eq. (164). If our source space is a thin spherical shell, the functions j,(kr")Y,:,(&',¢") are
already an orthogonal set in this space because the spherical harmonics for different » and/or m
are orthogonal; we do not even need any orthogonality properties from the spherical Bessel
functions j,. Similarly, for a receiving space that is a thin spherical shell, the functions
h,gl)(kr)Ynm (6,¢) are also orthogonal for different n and/or m.
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To complete the expression as in Eq. (164), we need to express the Green’s function in terms of
orthogonal functions that are also normalized. Formally, then, in the source space, we want to
choose the constant Ag, such that

k1 4s* ju (k') Y (6.8) 2 sin@'dr'd@'d g’ =1 (167)
Vs

where V' is the volume of the source spherical shell as in Fig. S13. (Note that j, is real, so we
do not need to take its modulus squared in this integral. Note also that we will split the “k”
prefactor between the two functions when normalizing, assigning a factorv/k to both functions.)
The integral over the angles is already given by the orthonormality relation for the spherical

harmonics, Eq. (58) (with the resulting value of 1). Because the spherical shell is presumed very
thin, we can remove the j,(kr')? term to outside the integral as j,(krg,)?, leaving

2k, ) kT = A,

Tso—Ars

|45, " (krs, ) 13 Jers =1 (168)

So, we can choose a normalization factor

As, :1/[ I (krSO)rSo«/kArS] (169)
The source basis functions become, explicitly,

1 1

nm ) = ‘n kro Ynm 0,9 ’ _—Ynm 0!9 '
|‘//S > jn (krSo)rSOﬂkArS / ( S) ( ¢) T’SoﬂkAT"S ( ¢)

where we have replaced j,(kr') by J,(krg,) given our thin spherical shell volume. Similarly, we

(170)

can choose the normalized receiving function as

1
nm ) = —Ynm 9; 171
|¢R>VROW (¢) (171)
1
nm | = —Ynm 99 172
|¢R > - \/m ( ¢) (172)
Using these normalized forms, we can rewrite Eq. (166) in the form
G(rar’)EGSR = io _ﬁl Onm |¢an><WSnm (173)
where
Oum :ikrSorRo A’/:S’AFR jn (krSo)hzgl) (krRo) (174)

If we are interested in propagation to the far field, so for very large ry,, we can use the far-field
approximation to the spherical Hankel function, Eq. (70), and write

Cum ? = re ArsArg [jn (krs(, )]2 (175)
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Fig. S14. Plot of [k, j,(kr,)]?, a dimensionless version of the modulus squared of the
singular values, for the communication modes between sources in a thin spherical shell
of radius r, wavelength and another thin spherical shell of very large radius, against the
parameter n of the spherical waves. (Lines are to guide the eye; only the points are
meaningful.) These plots are for a representative set of values of r, — specifically, 0.1,
0.225, 1, 2.9, and 5 wavelengths. The corresponding values for 7, , the largest value of
n for which all waves start out as propagating, are also shown.

We have plotted a related dimensionless version of these squared singular values, [47,, j,(k7,)]?,
in Fig. S14 for various values 7, of rg,. For n>n,, in each case these squared singular values
fall off rapidly and monotonically with increasing n, which corresponds to waves that start out by
tunneling. For smaller values of n, there is a somewhat oscillatory behavior in the singular value
magnitudes, which can be rationalized as the result of interference between sources at different
points on the thin spherical surface. The vector electromagnetic waves follow a similar
communication mode analysis that we have presented in[14].

For our present discussion, the specific results for the singular values and/or its square are less
important than the fact that we have shown that we have the singular value decomposition of the
operator connecting our thin spherical shell source and receiver volumes, and we see that the
wave functions consistent with the communication modes as a function of distance outside the
source spherical shell are exactly of the form h,gl)(kr)Ynm (0,9).

S4 Inward waves

As is common in many wave and antenna problems, we have examined the wave propagation
with a “radiation condition”, that is, we have examined only outward propagating waves so far.
This is the solution when there are sources within our spherical volume, and none outside. We
can also consider situations where there is instead an incoming wave.
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One common approach is to view this as a scattering problem, and many such investigations
exist, especially with incident plane waves, such as Mie scattering (see, e.g.,[22] for a recent
discussion), which does, incidentally use the same kind of spherical wave basis as we use here.
Generally, an incident wave can give rise to some absorption in an object, which can be viewed
as a source in the object that is excited by the incoming wave in such a way that it absorbs some
of the incoming radiation, and may also radiate some new radiation of its own.

We will not investigate such scattering problems here. We can, however, briefly consider the
solutions with our spherical waves in the situation where there is an incident wave on our
spherical volume, but there are no sources inside the spherical volume. Then there can be no y,
spherical Bessel function because the associated wave would become singular at » =0. (For this
reason, we also discard the corresponding C, Riccati-Bessel function in the solutions.) In such a
case, the only corresponding radial solutions are the j, spherical Bessel functions, with the
corresponding S, Riccati-Bessel function. These solutions are standing waves, not propagating
waves; all waves that go “in” must come back “out” again.

For an n=0 scalar wave, the solution simply corresponds to us focusing towards the center of
the spherical volume, which would could view as a wave essentially passing through that focus,
though note that there is no such n=0 electromagnetic wave, as discussed above. However, as
we consider waves with higher n, we start now to see the tunneling behavior emerging, this time
as a tunneling penetration into the volume from the outside. See, for example, the j, spherical
Bessel functions and the S, Riccati-Bessel functions in Fig. S4, which are the solid (blue) lines
in each case. Once n becomes larger than about 5, we can very clearly see the tunneling decay
into the spherical surface below the escape radius.

In fact, such high-n waves effectively never get far into the interior of the spherical surface,
being essentially reflected off it, which we can view as forming the standing wave. See Fig. S15,
which shows, in this example for n =17, that the waves essentially do not penetrate into an inner
spherical volume of about 2 wavelengths in radius. Note, then, that such waves cannot
effectively “see” far inside the sphere. They are, in a sense, reflecting off empty space.
Generally, the spherical volume of radius significantly less than the escape radius for a given 7 1s
effectively “cloaked”[29] as far as those waves are concerned. Fig. S16 shows similar examples
up to n=100.

Note that such standing waves with total reflection from a spherically shaped region are part of
the normal propagation of waves through free space. Indeed, to us, it would appear that the
inward spherical wave is just propagating through free space to become the outward wave, as if
it were focusing through the center of the sphere. But, in fact, for all waves of any substantial »
value, they are instead reflecting back on us, never getting to the center.
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Fig. S15. Plot of a spherical standing wave, shown in the equatorial plane in the 2D
color map plot (upper part of figure). This is plotted for n =17, m =6, for radii up to
6.05 wavelengths. For n =17, the escape radius is =2.78 wavelengths, shown also as
the dashed circle. The corresponding radial spherical Bessel function j;(kr) (which is
equivalent to jj7(27r) for r in units of wavelengths) is shown in the lower graph.

Fig. S16 shows for different n that the waves “starting” from the outside indeed initially become
stronger as the radial distance decreases, as we would expect for spherical waves focusing
toward the middle. For all n larger than about 3, however, once they pass the escape radius, they
rapidly get weak. They are failing to penetrate far inside the escape radius; they are instead
effectively reflecting off this region of empty space.

Suppose we have some object located around the center of these plots in Figs. S15 and S16. For
small n, we would have to deal with possible absorption and/or scattering for incoming waves
because the wave clearly reaches into the center of the plots. (In such a case, we would have to
solve the scattering problem properly.) With increasing z in our incoming waves, once the sphere
of the corresponding escape radius 7., becomes even moderately larger than the object, these
waves of higher n will effectively not see the object because they would not reach it. So, in
microscopy, for example, if we were to try to illuminate the object with such high n waves to
expose some fine detail, if the object is much smaller than the corresponding escape radius, such
probing waves would effectively not even reach the object. So, we see that, even in the case
where we have some object that could scatter and/or absorb radiation, the number of external
waves that we need to consider in interacting with that object is essentially the same as the
number N, of waves that could escape from the bounding sphere round the object.
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Fig. S16. Plots of spherical standing waves as in Fig. S15, for various values of n,
together with the corresponding spherical Bessel functions j, and escape radii 7., in
wavelengths. m is chosen as the largest possible value (m = n) for plots for n up to 9
(top two rows), and m =10 is chosen for larger n values (bottom row). The “empty”
region in the middle is clear for all n greater than ~3.

58



We must allow that it could be possible that the object was very resonant, so then even some
weak field penetrating to the object could still excite significant effective sources in the object,
and that could somewhat increase the number of waves we had to consider in the scattering or
absorption of that object. Even then, the fall-off of the penetration of higher n waves into the
spherical bounding volume is quite rapid with n, so N, (or its good approximation Ng; ) is still
a good first guide to the number of waves that can couple strongly in or out of the object.

In conclusion, when we consider incoming spherical waves, we find that those also experience
the “escape radius”, which now becomes the start of a tunneling barrier that may prevent them
from penetrating much further into the spherical volume. Such waves can effectively be largely
or essentially entirely reflected by this spherical volume in free space, leading to standing waves
that could appear to us to have simply “focused” through the volume. With increasing , these
waves cannot sense objects of size much smaller than the spherical surface of radius given by the
escape radius 7., . So, indeed, there are also only so many waves that can effectively get into a

volume, e.g., for active sensing, and this counting is essentially the same as for the number that
are well coupled out of the volume.

S5 Circular and cylindrical waves

Though spherical waves give the most general results on bounding volumes and counting of
waves from them, cylindrical and (planar) circular waves also occur in many contexts.
Importantly, in such coordinates we also see similar wave tunneling and escape behavior in the
radial parts of these coordinate systems, and for completeness we derive that here. We can
proceed in a similar fashion in polar or cylindrical coordinates to that taken in spherical
coordinates.

S5.1 Scalar circular and cylindrical waves

We start with scalar waves with the same scalar Helmholtz equation (Eq. (24). We introduce
cylindrical coordinates 7, , ¢ and z. Considering the usual Cartesian coordinates x, y, and z as a
reference coordinate system, z is now also the coordinate along the axis of cylindrical
coordinates, 7, is the radial coordinate in any plane parallel to the x-y plane, and ¢ is the angular
(azimuthal) coordinate in any x-y plane. (We have used ¢ rather than @ for this angle for
commonality with the spherical coordinate system.) For circular (or polar) coordinates,
corresponding to waves in planar or two-dimensional structures or systems, there is no variation

in z and that axis and coordinate can be dropped.

In such coordinates, the scalar Helmholtz equation becomes

2 2
VzUJrlczUz(L 0 0 L0 +a JU+k2U=0 (176)

Ty —
y dry, = Or, 13 09> 0z?

For completeness in our notation, we formally give the algebraic derivation of the separation of
this equation. We propose a separable solution of the form

59



U(r)=R, (1) 0(¢)2(2) (a7
Dividing by —R,, (7, )J®(#)Z(z) and rearranging gives

2
Jny(rxy)CD(¢)=%(ZTf+k2 =k2-k2 (178)

4 (16,0 18
R, (rxy)(l)((zﬁ) Fyy dry, v Ory, 13 O¢?

where we have introduced the separation constant k% — k2 . The resulting equation for Z has
solutions of the form

Z(z)=exp(ik.z) (179)

Multiplying Eq. (178) by 73 and rearranging gives

L e )k s e s

—_ rx
R, (rxy) Ty dry, g Oryy ®(¢) 0¢?
where we have introduced the separation constant —n2. The resulting equation for ® becomes
52

which has solutions of the form
<I>(¢)=exp(in¢) forn=...-2,-1,0,1,2... (182)

i.e., for n being a positive or negative integer or zero. This requirement on # is so we obtain a
single-valued function for ®. Finally, dividing Eq. (180) by -3 and rearranging gives

xy

1 0 0 n?
— 1y — |R (7 ) +| K —— |R (7, ) =0 183
(rxydrxy y@rxy] y( y) ( ’ 2) y( y) (159
where we have defined

ko = k2 = k2 (184)

(taking the positive square root for definiteness). Changing to the variable

Pu =k (185)

xy" Xy

with C,(py) =R, (1), Eq. (183) becomes

1 0 0 n?
Py Co (o )+ 1-2—1C, (o) =0 (186)
(pxy dpxy yapny ( x)’) [ )%y] ( J’)

which is one way of writing the standard differential equation for Bessel functions. Specific
solutions include the Bessel functions of the first and second kinds, J,(p,,) and Y,(p,,),

respectively, and the linear combinations A ,(11) (Pw) =Ju(py) +iY,(py,) and
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H ,(12)( Pw) =Jn(Py)—iY,(py), which are the (cylindrical) Hankel functions of the first and
second kinds, respectively, conventionally corresponding to outward and inward circular waves,
respectively. Collectively, these four different solutions are sometimes known as the cylinder

functions, hence the notation C, to represent any of them.

Now, we can define a new set of functions
K, (s)=sC,(s) (187)

The relation of these functions to the circular (or Bessel or Hankel) functions is conceptually
similar to the relation of the Riccati-Bessel functions to spherical Bessel or Hankel functions.
(We are not aware of any corresponding name for these functions K, (s), however.) In the
present case, we are multiplying by the square root of a radial distance s to take out an
underlying 1/ Js behavior of the Bessel or Hankel functions at large radius, a behavior that
corresponds to Bessel or Hankel functions representing circularly expanding waves at large
radius. If we substitute K, (py,)/ \/pTy for C,(p,) in Eq. (186), we obtain

K. (po) . (n2-1/4)
p3 Py

Kn(pxy):Kn (pxy) (188)

Just like for the spherical case with Riccati-Bessel functions, this is in the form of a Schrédinger
equation with a “potential energy”
(n?—1/4)

- (189)
pxy

Vip (pxy) =

and an “eigen energy” of E, =1, similar to Eq. (77) for the spherical wave case. (Note also that
this potential is proportional to 1/(radius)?, just as in the spherical case.) The corresponding
escape radius p,,., in dimensionless form is given by the condition p3., =n*-),,i.e.,

Poen =\N* =), (190)

In dimensioned form, using Egs. (184) and (185), we have the escape radius

S Lt (191)

xyen m

For the case of circular waves, such as those on a membrane, there is no variation in z. Then the
0%/ 0z* term in Eq. (176) and any Z(z) function can be omitted, and the k. can be dropped
from Eq. (191), giving a simpler circular escape radius

EINEEANL (192)

Hence, these K, (p,,) cylindrical or circular waves have a similar set of tunneling, escape and
propagating wave behaviors to the Riccati-Bessel spherical waves, with a corresponding escape
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radius. Note in cylindrical or circular cases that for n =0, the waves all start out by propagating
— there is then no finite escape radius.

Note that the escape radius in the cylindrical case depends on any k, value. Larger k., values
will lead to larger escape radii. The smallest possible escape radius for any real k. is therefore
given by the circular escape radius 7., of Eq. (192).

S5.2 Vector circular and cylindrical waves

The general analysis of vector fields in section S2.2 above is independent of the coordinate
system, so we can if we wish follow through with analysis in L, M, and N waves in cylindrical
coordinates also (see, for example, Stratton [30], pp. 395-399). Formally, for whatever cylinder
function C, we choose as appropriate for our problem (i.e., Bessel or Hankel functions), with Z
as a unit vector in the z direction and writing

Wa = C, (kyry )exp(ing)exp (ik.z) (193)

we can write (e.g., as in [33], p. 23)

L, (ky.k.,x)=Vy, (194)
M, (ky,k.,¥)=Vx(2y,)=Vy, xi (195)
Nn(kxy,kz,r)=%VxVx(il//n)E%Van(kxy,kz,r) (196)

For electromagnetic waves there will still be no L. waves as before. For each of the electric and
magnetic fields, we will have solutions of the forms given by these M, and N, functions. In
component form, with r,, as the radial unit vector in the direction of interest in the x-y plane,
from Eq. (195)

Mn :i_nl//n i:)Cy _%é = |:£C” (pW)fxy _Mé}k)ﬁy exp(in¢+ikzz) (197)

Py or, o Pxy ap Xy

and from Eq. (196)

N, :l ik, Yy I, — nk W ¢?+k§ywn z
k OFyy, Ty
o (198)
n X A kzkx N A . .
=| ik .k, (py)rxy _ Mty Co(pw)P+k3C, (pw)2 lexp(zn(,/5+zkzz)
OPay Py k

If we take a similar approach to defining corresponding E and H fields as for the spherical case
above, then we can formally choose

H™) =M, (199)
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which is polarized entirely in the x-y plane. (Formally, similarly to the spherical case, we would
need to multiply by some constant with dimensions of amperes to give this the correct
dimensions for this magnetic field.) In the far field, this will tend to being polarized in the ¢?
direction, transverse to the radial direction (the component of M, in the I, direction will fall off
as ~1/r3? atlarge r,, and hence will become negligible, leaving just a 45 component). The
corresponding electric field for this H field is

g™ =i |EN, (200)
r

g = i\/Z M, (201)
&

which also is polarized entirely in the x-y plane and will tend to being polarized in the ¢?
direction in the far field, the corresponding H field is

Now if we choose

H®) =N, (202)

In these fields, again the radial behavior of the amplitude is governed by the C,(p,,) function,
or, equivalently, the K, (p,,) =/ px C,(py ) function that removes the underlying 1/ ./ p,,
behavior of the circular functions at large radius, and which shows the same tunneling behavior

as for the scalar circular or cylindrical case.

The actual behavior of these functions for finite k. is somewhat complicated. However, the
situation for k, =0, which corresponds to the circular case also, becomes much simpler. In this
case, the expression for M, becomes

; aC .
M, o =| —Cy(py ) —M(p kexp(ing) (203)
Py 0Py
and for N, we have
N0 =ky, 2=k C,(py )exp(ing)z (204)

which is a field polarized along the z direction, and shows simple Bessel or Hankel function
behavior with radius. The corresponding K, (py,) =+/Pxy Cu(py,) function will then directly
show the tunneling and escape behavior.

S5.3 Summary and comparison with the spherical case

We can summarize the following similarities and differences for the circular/cylindrical case
compared to the spherical case.
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1) In both cases, we can define functions for the radial behavior that satisfy Schrodinger-like
equations, with a clearly defined escape radius. For the circular/cylindrical cases these
functions are of the form K, (p,,) = \/;y C,(py) (Eq. (187)), where p,, is the
appropriate dimensionless radial variable (Egs. (184) and (185)). Multiplying by the
factor /p,, “takes out” the underlying 1/ Jradius behavior of a cylindrically or
circularly expanding wave. Equivalently, the K, (p,,) can be regarded as waves

normalized per unit (circular) angle rather than per unit (transverse) length.

2) The expression for the escape radius for a circular/cylindrical wave of order n,
Pryen = \/7127—% (Eq. (190), is similar to that for the spherical case in its behavior with 7.
For circular waves, the dimensioned escape radius 7., = (\/m ) /k (Eq. (192)) is
scaled using the overall wavevector magnitude 4, similarly to the spherical case. For
moderate or larger n, if we consider an effective wavelength of 27/ k,, in the cylindrical
case, we can interpret this as saying that, if the number of (effective) wavelengths round
the circumference of the circle of interest exceeds ~n, that wave must tunnel radially to

escape.

3) For cylindrical waves with finite (real) wavevector k. along the z direction, the radial
wavevector component k,, has to reduce according to k,, = m (Eq. (184)) so that
k2, +k? = k?. As a result, the dimensioned escape radius for a given n increases as k.
increases, according to 7y, = (\/n2 —%)/(\/k2 —k? ) (Eq. (191)). Hence,

(1) Zoen = (\/rﬂ —%) / k 1is the smallest escape radius for a given n, and

(i1) radial escape becomes more difficult as k., increases.

4) Unlike the spherical case, waves with n =0 are allowed for both scalar and
electromagnetic waves for both circular and cylindrical waves. As for the spherical case,
n =0 waves start out by propagating radially, with no escape radius.

So, in conclusion, circular and cylindrical waves show a similar kind of propagating and
tunneling behavior in the radial direction to that for the spherical case, also with a clearly defined
escape radius for a given order n of wave.
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