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We introduce and validate a theoretical framework for coherent control of multichannel scattering
of linear waves to route waves through complex geometries with multiple scattering. We show that
steady-state perfect routing solutions are achievable at any frequency via tuning geometric param-
eters so that multiple complex eigenfrequencies coincide on the real axis. The relevant complex
spectra describe critically constrained scattering processes (CCONs), where a specific number of
generically accessible outgoing channels are not excited due to destructive interference. Focusing
on electromagnetic waves, we demonstrate in simulations high discrimination routing and demulti-
plexing of signals in a multiport chaotic cavity with a number of tunable scatterers which can be
predicted from theory. A similar approach can be used to implement other interesting functional-
ities, such as filtering, power division and directional lasing. The method can be applied to other
classical waves and also to quantum matter waves.

I. INTRODUCTION

Control of linear waves (electromagnetic, matter and acoustic) in two- or three-dimensional multiple scattering
geometries without high symmetry is a fundamental problem across many branches of physics and is also of great
relevance to device engineering in electromagnetics and acoustics. Coherent control of wave scattering via inter-
ference in simple geometries (one-dimensional, two-channel, paraxial , rotationally symmetric, adiabatic) has been
understood since the middle of the last century or earlier. However, there has been remarkably little progress in
our understanding of achievable control in generic two and three-dimensional geometries. A well-studied example is
steady-state, reflectionless scattering, achieved by destructive interference of backscattered waves, where the basic
principle has been “critical coupling”, which can be applied only in a one dimensional or highly symmetric geometry,
or with single channel excitation of the system[1–3]. When any such control problem is posed in a non-symmetric,
higher-dimensional geometry, currently the only existing approach is black-box optimization, providing little insight
or generalizability.

However, substantial progress has been made in this area in recent years. The theory of Coherent Perfect Absorption
(CPA)[4–6] and Reflectionless Scattering Modes (RSM) [7–9] has provided a theoretical framework for coherent control
of waves in arbitrarily complex multichannel geometries to suppress back-reflection via interference, leading either to
perfect transduction or impedance-matching. The key insight was that such problems in any (generic) geometry can be
defined as a set of constraints on the linear scattering matrix of the system, which can be satisfied at countably infinite
points in the complex frequency plane. Such complex spectra in open systems are well-known for the case of purely
outgoing boundary conditions, typically referred to as resonances or quasi-normal modes, and they correspond to poles
of the scattering amplitudes[10–12]. However, the recent work has shown that every reflectionless scattering problem,
defined by appropriate boundary conditions asymptotically, leads to a similar but distinct complex spectrum, with
eigenfrequencies (termed R-zeros) in one-to-one correspondence with the resonances. When such a solution occurs on
the real axis, we refer to it as an RSM (CPA being a special case), since it is now a steady-state solution.

Both the resonances and the R-zero spectra generically have complex frequencies and do not correspond to physically
realizable steady-state solutions, since the imaginary part of the frequency enforces exponential growth or decay in
time, and necessarily limits their realization to finite times [13, 14]. However, it was shown for R-zeros that their
frequency can be manipulated by varying a single geometric parameter of the scattering system, and typically can
be tuned to pass through the real frequency axis. At the intersection point of such a crossing there exists a steady-
state, perfectly impedance-matched input wave in arbitrarily complex geometries; moreover the solution can be
straightforwardly calculated by methods similar to those for finding resonances. This has been demonstrated, first in
simulations [7] and later in experiments at microwave and optical frequencies [15–18].

This work naturally raised the question: can one go beyond simply suppressing backscattering, to simultaneously
controlling the output of such complex wave scattering? And if so, how many tunable parameters would be required to
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further constrain the scattering? If this can be achieved with a small number of parameters in a realistic geometry, it
would immediately open up a new path to routing of waves and other more complex information processing functions.
The current work answers these questions. The approach we develop in the following can implement rather general
control functions in scattering. For several such functions, we have developed a precise and predictive framework that
leads to promising and paradigm-changing approaches to designing devices implementing these functions. Here, our
main focus will be on routing of waves in systems with negligible loss.

To proceed we define critically-constrained scattering modes, CCONs, a novel set of complex spectra which allow us
to define necessary and sufficient conditions for routing of waves in arbitrary geometries. We demonstrate the generic
existence of CCON spectra in the complex plane in approximate one-to-one correspondence with the resonances of the
system, and discuss their topological protection. Then we show that routing of waves and other more complex control
functions, such as demultiplexing, can be achieved using the complex CCON spectra as building blocks. Finally we
present and validate counting arguments for the number of tuning parameters required to achieve these functions.
Recent experiments have demonstrated several of the control functions analyzed here, however only by using a larger
number of tuning parameters than required according to our theory. Using simulations of a model that is realistically
related to these experiments [16], we demonstrate the validity of our arguments and the ability to reprogram such
functions in situ over a wide frequency range, a unique feature of our approach, compared to previous rational design
or black-box optimization approaches[19, 20]. Our approach uses only analytic properties of the elements of the
scattering matrix without assuming any spatial symmetries, and doesn’t require the S-matrix to have either time-
reversal or reciprocity symmetry. (Later, when we implement routing, we assume that the latter two properties hold,
for simplicity).

The study of reflection and transmission zeros in systems with two scattering channels (or ports) has a very
long history and is well developed in the context of filter design [21]. Our work focuses on systems with three or
more ports/channels and multiple scattering. First, we note relevant previous works, other than those on complex R-
zero/RSM spectra already cited. There has been work on transmission zeros in two special cases. There is experimental
work demonstrating the ability to generate, by tuning a metasurface, zeros of a single off-diagonal matrix element of a
multichannel S-matrix [16]; and there has been both theory and simulations on multichannel quasi-1D waveguides and
billiard resonators [22] for the case of zero transmission through the sample. In the multichannel case this corresponds
to a zero eigenvalue of an N � N transmission matrix. Both are special cases of the CCONs introduced below.

Another important recent work by Guo et al. [23] is complementary to our own. This work considered a general-
ization of CPA and RSM, termed coherent perfect extinction (CPE), in which a specific input wavefront in a chosen
subset of the scattering channels leads to zero output in a chosen subset of the scattering channels. In this work CPE
processes were defined only for scattering at real frequencies and zeros were assumed to exist in a sufficiently large
space of tuning parameters. It was shown that there were interesting topological properties associated with encircling
these zeros. In our work, we will consider CPE processes for complex frequencies, showing that all of the nontrivial
examples of CPE can be expressed in terms of complex spectra, and that there is a crucial difference between consid-
ering such spectra in the complex plane and in an arbitrary parameter space. Using this insight we are able to pose
and solve wave routing as a CPE problem, something not treated in Ref. [23].

II. CRITICALLY CONSTRAINED SCATTERING MODES

The work cited above on R-zeros demonstrated the existence of discrete complex spectra associated with reflection-
less scattering for generic finite-size scattering systems with short-range interactions. In a standard linear scattering
process the solutions have a continuous real spectrum: one or more of the incoming scattering channels is filled at
a real frequency, ! or energy, E, and the continuity conditions on the relevant wave equation determine a unique
outgoing scattered wave at that !; E. For a finite size, but otherwise arbitrary scattering region, the scattering can
be described by an Nc � N c scattering matrix, S, labeling the incoming and outgoing channels with the appropriate
indices of the asymptotic solutions (which we will assume for simplicity to be time-reversed pairs). For generic scat-
tering, all output channels are accessible in scattering, i.e. no matrix element of S exactly vanishes (with symmetries,
similar statements hold in each symmetry-labeled subspace). Discrete complex spectra arise when constraints on
the asymptotic solutions are imposed, such as zero reflection into the chosen input channels; this R-zero boundary
condition implies that a single diagonal element of the S matrix or the determinant of a diagonal block of S vanishes.

The R-zero boundary condition can be imposed by requiring an input vector of amplitudes of the form (a1 : : : aN in ;
0; 0 : : : ; 0) and an output (scattered) vector of amplitudes (0; 0 : : : ; 0; bN in +1 : : : ; bN c ). Hence, there are exactly Nc
asymptotic scattering channels filled, N in with incoming waves and their complement with outgoing waves, so that
each port is excited in only one direction.

To generalize these results beyond reflectionless scattering to more general constrained scattering processes, we
conjecture that discrete complex spectra exist and are of the same average density as the resonances of a scattering
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FIG. 1: A schematic for different kinds of CCONs in a 3-port system and the corresponding submatrix of S (in

green), which must have zero determinant. (a) A schematic of a simple 1 port reflectionless mode (R̃T T ), (b) a 2

port Reflectionless mode (R̃R̃T ) and (c) A “dark” CCON (ND R̃): port 1 is “normal”, and has both an input and
reflected wave, port 2 is “dark” and has neither input or output, and port 3 is reflectionless. (d) A scatter plot of

the zeros corresponding to the different CCON boundary conditions in (a)-(c), including CPA (R̃R̃R̃), and
resonances (T T T ), obtained from a Random Matrix Theory model (see [ SM] for more details).

system for all scattering processes in which the total number of �lled asymptotic channels is Nc. We will see that
if the number of channels filled is less than Nc, then there are no discrete complex solutions generically, and if the
number of filled channels is greater than Nc, then there are continuous real spectra generically. Hence we refer to this
new class of solutions as critically-constrained modes (CCONs).

This set includes all R-zeros and resonances, but also processes in which some scattering channels are completely
empty or “Dark” (no input or output) and others are “Normal” (both an input and a reflected outgoing wave).
Since there are 2Nc total input and output channels, our condition is equivalent to having exactly Nc zeros in a
2Nc component vector. It follows that for such a scattering matrix, there exist (2Nc)!=(Nc!Nc!) CCON spectra, 2N c

of which are the previously known R-zeros (including resonances and CPA). Each CCON can be specified by an

Nc component vector containing 4 letters, D (dark channel), N (normal channel), T ( outgoing wave only), and R̃
(reflectionless, input but no output). R-zeros encompass all CCONs which have no N or D channels; all other CCONs
must have an equal number of N and D channels. The number of each of these must satisfy n D +nN +nT +n ~R = Nc.
Each CCON eigenfrequency is determined by the condition that, at that frequency, a specific square q � q constraint
matrix has determinant equal to zero , where q = nD +n ~R . The constraint matrix is constructed by projection from S
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(see below). Schematics illustrating several three-channel CCONs are shown in Fig. (1a-c), labelled as (R̃T T ),(R̃R̃T )
and (NDT ) respectively, along with the sub-matrices whose determinants must vanish. Fig. 1d gives an example of
calculated spectra for the five distinct types of 3-channel CCONs (neglecting interchange of ports). These spectra are
found from a random-matrix model, described in detail in the Supplementary Material [ SM].

CCON solutions exist for any finite scattering system in the frequency range where the system has resonances,
independent of the symmetry or complexity of the system. Here we will focus on guided wave systems with wave-
chaotic scattering, using three models. The motivation for using such systems is that the resonances of such systems
are generically pseudo-random, reflecting the ergodic nature of the ray dynamics. We expect this property to maximize
the tunability of the systems, as all points on the boundary and all excitation frequencies are statistically similar.
The first model is one based on random matrix theory (RMT) [24–26], already mentioned above, in which statistically
representative scattering matrices are generated by sampling from appropriate distributions. The second model is
that of “quantum graphs”[27, 28], which can be physically realized by microwave networks [29], has been shown to
reproduce RMT statistics generically and can be used to test tunability. The third is a microwave billiard model which
is realistically related to previous experiments [16]. The first two are computationally more tractable and are good
for studying the statistics of CCON spectra. The third will be used to validate the ability to control scattering and
implement routing in a chaotic microwave cavity and also for more realistic statistical validation of our analytically
motivated predictions.

Note that the set of CCONs correspond to a specific subset of Coherent Perfect Extinction processes as defined in
[23], but only CCONs have discrete complex spectra, whereas all other CPE processes do not.

III. CCON SPECTRA

A. Existence of CCON spectra (General Case)

Here we present an approximate argument for the existence of complex CCON spectra in one-one correspondence
with the resonances of a scattering system; much more detail is provided in Supplementary Material [ SM]. We define
in ([ SM] and references [30, 31] within) the filtering matrices for any CPE process, F and F , which are matrices of
size (nN + n ~R ) � (N c) and (nD + n ~R ) � N c respectively. These matrices filter out the relevant constraint matrix C(!)
for each CPE boundary condition we impose on the scattering solutions, such that C(!) = F S(!) F̄ T . For CCONs
C(!) is square, but for all other CPE processes it isn’t. We can provide a constructive proof of the existence of such
a discrete spectrum corresponding to each CCON within Temporal Coupled Mode Theory (TCMT) [32, 33], a widely
used approximate theory of the scattering matrix. In TCMT, a system with Nc asymptotic channels coupled to N res
resonances can be described over a bandwidth containing the resonances by the following scattering matrix

S(!) = S 0 + iD
1

! � Ω + iΓ
K T ; (1)

where S0 is the non-resonant background scattering matrix containing the contributions of other far away resonances,
(and possibly non-resonant paths through the system), Ω is a matrix containing the real part of the resonant frequen-
cies, Γ is a matrix with size N res � N res describing the imaginary part of the resonance frequencies. This matrix can
fully describe both radiative and absorptive decay of the resonances. The resonances couple to the outgoing channels
with the Nc � N res coupling matrices K=D (which are independent of frequency in TMCT). In the case when S 0
is defined as describing the residual effect of resonances outside of the targeted bandwidth, it is slowly-varying in
frequency and generically will have no CCONs in the relevant bandwidth, hence the filtered matrix, C0, will in general
be invertible in this bandwidth. Assuming this, we can define the relevant constraint matrix within TCMT and use
matrix identities to derive the following expression for det(C(!))

det(C(!))
det(C0)

=
det(! � Ω + iΓ + 2iΓ 0)

det(! � Ω + iΓ)
: (2)

Here Γ0 = K T
�F C−1

0 DF =2 is an Nres � N res complex matrix with negligible frequency dependence in the relevant

bandwidth which captures the shift of the CCON zeros from the full zeros of the S-matrix. Here C0 = F S0F̄ T is
the filtered background matrix, DF = F D and K �F = F̄ K. First, this expression shows that the poles of C(!) for
every CCON are the same as the poles of the full scattering matrix, as expected. Second, it shows that the zeros
(CCON eigenfrequencies) are simply the eigenvalues of the N res �N res complex matrix Ω � iΓ+2iΓ 0. Thus the CCON
eigenfrequencies are in one-to-one correspondence with the poles of the scattering matrix and can be calculated by
constructing the relevant CCON operator given a TCMT S-matrix. This result holds for arbitrary S-matrices and
doesn’t require either time-reversal symmetry or reciprocity. When the CCON chosen is an R-zero, the background
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scattering matrix is taken to be the identity, and the system is reciprocal and has time-reversal symmetry, then we
must have D = K, D ∗ = �D and Γ = D †D=2 [33]. This simplifies Eq. 2 so that iΓ + 2iΓ 0 ! iΓ in � iΓ out , where the
former is a matrix of couplings for the input channels and the latter (with opposite sign) is a similar matrix for the
chosen output channels, as found in [7]. Note that as a special case, when all channels are outgoing (resonance) and
the system has only scattering loss and no absorption, we recover the well-known result that the full S-matrix zeros
are the complex conjugates of the poles (resonances). However, all other CCON spectra are in general distinct from
the poles/zeros, as we see in Fig. 1d, and are not calculable from knowledge of the poles.

Often in TCMT the background matrix is approximated by the identity, which leads to a non-invertible filtered
background matrix for all CCONs except for R-zeros, i.e. all CCONs with at least one dark channel. In this case the
number of CCON zeros is formally reduced from the number of resonances in the given bandwidth by the number
of dark channels nD (see [ SM]). Whether this effect can occur for a physical S-matrix is unclear; but, if so, this
would still have a negligible effect over a large bandwidth containing many resonances, and indeed we find it has no
detectable effect on our ability to achieve routing of waves using CCONs.

B. Properties of CCON spectra

Below we will show that routing of waves in multiple scattering can be achieved by manipulating CCON spectra,
and in particular by tuning eigenfrequencies to the real axis. Here we discuss the location of CCON eigenfrequencies
in the complex plane. Tuning a single eigenfrequency to the real axis has been previously studied for the case of
R-zeros, and it has been found that the imaginary part of the eigenfrequency of an R-zero is determined by the
average coupling balance between the chosen input and output ports. In TCMT there is an explicit scalar formula for
this, which constitutes a multichannel generalization of the “critical coupling” condition [7]. Specifically, filled output
channels appear as scattering loss, and filled input channels as an effective gain. In a more exact theory this property
is still maintained on average [7]. Therefore, if the input channels are more numerous or more strongly coupled than
the output channels, then the imaginary part of an R-zero will be positive (above the real axis), consistent with the
fact that full S-matrix zeros must be above the real axis in the absence of absorption. In the opposite case of weak
input coupling the R-zeros will be below on average, and in both cases there will be significant statistical fluctuations
[15]. When input and output couplings are roughly in balance, the distribution of R-zeros is centered on the real
axis, and an R-zero can be tuned to lie on the real axis at any frequency relatively easily. This is valid beyond the
high-Q limit where there exists a scalar critical coupling condition, and has been validated in the relatively low-Q
open cavities we consider here, where transmission is through multiple overlapping resonances.

As noted above, and seen in Fig. 1d, on average, for a system with negligible absorption, the poles will be the
eigenfrequencies farthest away from the real axis in the lower half plane and the zeros of the full S-matrix will be
farthest away in the upper half plane. As noted, other CCONs can have singly-filled ports (R̃ or T ), doubly filled

“normal” ports (N) and dark ports which are unfilled (D). An R̃ port contributes an effective gain and a T port
an effective loss as far as the imaginary part of the frequency is concerned. It is reasonable to conjecture that, on
average, a dark port contributes neither effective gain nor loss, and that a normal port, having equal effective gain
and loss, will also have no influence on the imaginary part of the CCON. Thus, in finding the imaginary part of
the CCON frequency, one can omit all ND pairs and just look at the balance of the remaining R̃ and T ports.
The difference nT � n ~R will then determine their average imaginary part. Hence, the average imaginary part of the

reflectionless four-port CCONs (R̃R̃T T ) and (NDND), which are balanced, should both be zero (assuming all ports
are statistically similar in their coupling to the cavity). This qualitative argument explains why all the CCON spectra
tend to lie in the region of the complex plane between the poles and zeros, as is also the case for R-zeros. In fact, for
a general scattering matrix based on a random matrix model, we can analytically calculate the average value of the
imaginary part of the CCON eigenfrequencies:

Imh! CCON i =



N res
(n ~R � n T ) (3)

Here 
 is half the average resonance width defined from the coupling matrix W by Var(W �� ) = 2
=N res. The
expression above is written for the global mean, which is valid for weak coupling. We expect that a similar expression
to Moldauer-Simonius relation to hold for the local mean as well (see [ SM] for more details). In the Supplementary
Material [ SM] we define the RMT model, derive this result and compare it with results from numerical sampling of
the RMT model, finding good agreement (the data in Fig. 1d, follows the expected trend, with statistical fluctuations).
The result also agrees with that found from TCMT in Ref. [7] for the case of R-zero spectra with a single resonance.
In the next section we study tuning of eigenfrequencies to the real axis to realize control functions. This is expedited
by the fact that they are generically confined in a strip of the complex plane centered on the real axis.
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C. Routing as a Coincidence of CCONs

Routing of waves can be defined as zero reflection of the waves back into the chosen input ports and zero transmission
from each input port to a subset of the other ports. Since zero reflection alone defines one kind of CCON, routing
solutions are not CCONs and don’t have an associated spectrum in the complex plane (excluding the two-port case,
where zero reflection routs waves trivially into the other port). We will focus on systems with Nc � 3 and with
negligible absorption loss (filtering, which typically involves two ports, can be addressed with our methods [16], but

we defer this to future work). For the three-port case, the only routing solution is (R̃T D), corresponding to input
in port one with zero reflection (S11 = 0), and output solely in port two (S31 = 0). Consistent with the above
discussion, this CPE process has a D channel not paired with an N channel, and isn’t a CCON; it is overconstrained
and doesn’t have a complex spectrum. However, there do exist CCONs satisfying either the first or second constraint:
in our notation they are (NT D), which satisfies S31 = 0, and (R̃T T ), which satisfies S11 = 0. Both have a complex
frequency spectrum where the relevant constraint is obeyed. If, by tuning the geometric parameters of the system,
we can cause two of these distinct CCON frequencies to coincide at a chosen frequency on the real axis, by definition
we will have realized the routing solution we seek. This reasoning generalizes, and any overconstrained CPE process
can be realized by creating a coincidence of a number of CCONs eigenfrequencies on the real axis. Note that this
routing function requires a coincidence of both an R-zero and a dark CCON, which is a generic feature. Generically,
the number of eigenfrequencies that must coincide to realize a given CPE process is nco = nD � n N + 1. (CCONs
sharing the same input channels are generally not independent and there are cases in which nco can be greater than
the number predicted by this formula, but their motion is correlated so that the number of tuning parameters required
to realize an overconstrained functionality (discussed below) remains the same even in theses cases. More details are
in section IV below and in the Supplementary Material [ SM].

FIG. 2: R-zero tracking in a tunable chaotic cavity (inset) with two ellipsoidal scatterers of variable orientation,
demonstrating tuning of an R-zero to a target real frequency (yellow dot) for an arbitrary initial configuration. (a)

Tuning a single ellipsoid orientation (purple curves) will generate real frequency reflection dips, but not at the target
frequency; optimizing with both scatterers (blue curve) gives a high quality solution. (b) Reflection coefficient of the

cavity for three cases: (Solid blue curve) configuration optimized to show reflection dip at the target frequency,
0:975f c, where f c is the cutoff frequency of the waveguides. (Solid Purple curve) reflection spectrum corresponding

to single parameter tuning at the configuration when an R-zero passes through the real axis randomly. (Gray
dashed line) reflection spectrum at the starting point, showing no deep reflection dips.

D. Topological protection of CCONs

Our strategy for realizing routing and other useful scattering processes assumes that CCON eigenfrequencies are
conserved and flow continuously in the complex plane as parameters of the cavity are varied. Since the CCON
frequencies correspond to zeros of the determinant of a constraint matrix, they are zeros of a complex function of
frequency. Any zero of a complex function has a local topological winding number associated with encircling that zero
(and no other zero) in an appropriate parameter space. However, for a general function, such a zero can annihilate
with another zero of opposite winding number, which will still conserve the global winding number of the system,
but changes the number of zeros available for functionalization. We are interested in zeros in a special parameter
space, the complex frequency plane, and their response to perturbations. Since all matrix elements of S are analytic
functions of ! outside the discrete set of poles of S, the determinant of any sub-matrix of S is also analytic in !
outside the same discrete set, generically with a non-vanishing linear expansion around the zero (i.e., not at an
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exceptional point). Using the Cauchy–Riemann relations for analytic functions, it is shown in the Supplementary
Material [ SM] (see also [34, 35]) that all CCONs have winding number unity, and cannot annihilate pairwise. Hence
CCON eigenfrequencies are conserved in the complex plane under parametric variation (except for the special case of
annihilation with a pole of the S-matrix). This makes the complex plane a special parameter space, differing from the
space of geometric parameters (see [ SM]), where only global winding numbers are conserved, but zeros are not. In
fact we find that when we fix the frequency and vary geometric parameters, generically we observe regular creation
and annihilation of zeros in pairs of opposite helicity in the parametric subspace, see [ SM]. This process is very similar
to the annihilation of Bound States in the Continuum (BICs) of opposite helicity found in photonic crystal lattices
as lattice parameters are varied [36–38]. While the topological protection of zeros has been long noted, the fact that
R-zeros (and their generalization to CCONs) are absolutely conserved and cannot vanish via pairwise annihilation
has not been recognized, to our knowledge. This property underlies our ability to succeed in functionalization and
coherent control.

IV. SCATTERING CONTROL VIA CCONS

A. Minimal Required Parameter Set

In the R-zero theory it has been shown that in general, tuning an eigenvalue to cross the real axis at an arbitrary
point requires just a single tuning parameter (e.g., adding uniform loss for CPA). Intuitively we expect to be able
to realize a reflectionless state at a speci�ed frequency, !0, on the real axis by tuning two parameters, and this is
confirmed by simulations (an example is shown in Fig. 2). Here we show the flow of the R-zeros of a chaotic cavity
with two tunable scatterers (see schematic), details of the model will be given below. With a single tuning parameter
we generate R-zeros on the real axis (RSMs), but we cannot reach the desired frequency; with two-parameter tuning
this is efficiently achieved. To place an R-zero at a real ! 0, the real and imaginary parts of the determinant of a
sub-matrix of S(! 0) must equal zero. The same is true for dark CCONs (such as a transmission zero); hence we
expect that placing a dark CCON at a given real frequency also requires two tuning parameters. Having shown that
routing and other overconstrained CPE processes can be achieved by creating coincidences of CCON eigenfrequencies
at the target frequency, and we expect this counting argument to generalize. In general, assuming no symmetry of
the S-matrix, we conjecture that the minimal number of required parameters, np, to achieve such functionalities is

np = 2nco = 2(nD � n N + 1); (4)

where nco is the number of coincident CCONs required for the desired function. This implies that at least four tuning
parameters are needed to realize the three-port routing behavior shown in Fig. 3 at a specified frequency. This
prediction can be phrased in terms of the codimension of the space in which such solutions exist and agrees with the
prior results of Guo[23]. However, when there is time-reversal symmetry, as we assume here, this reduces np for certain
solutions, as we show in Fig. 5; this is discussed further below and in the SM. Moreover, these arguments don’t prove
that such solutions can always be reached by tuning that number of geometric parameters in a specific geometry; they
only imply that if one doesn’t have sufficient tuning parameters, finding good solutions is highly unlikely. A major
result of our work is that an open wave-chaotic cavity with tunable scatterers on the wavelength scale appears to be
a highly efficient geometry for realizing the desired solutions by straightforward optimization schemes, as long as the
number of tunable parameters equals (or is greater than) the number predicted by the above formula. We present a
statistical study verifying this conjecture for our most realistic model below. First we present examples of routing
and demultiplexing solutions found by optimization within our model, guided by the formula for np given above.

B. 3-port Routing and Demultiplexing

We model a “D-shaped” microwave cavity with tunable scattering elements embedded within it via a 2D structure
with a boundary given by a truncated circle (proven to generate fully chaotic ray dynamics upon specular reflection
even in the absence of the embedded scatterers [39, 40]). In the simulation the walls of the cavity are perfectly
conducting except where a number of single-mode waveguides are attached on the flat part of the boundary. Inside
the cavity there are a variable number of perfectly conducting ellipsoids (“scatterers”) that are free to rotate, hence
altering the scattering of waves injected from the input ports. The model mimics the experimental system of ref.
[16], where screws are inserted into a cavity of the same boundary shape at variable depths to modify the scattering
behavior. The configuration of screw depths is used for optimization, and that work has found that good, narrowband
routing solutions are obtainable experimentally; however these experiments used significantly more parameters than
our theory suggests are required.
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FIG. 3: Example of a routing solution (see arrows) found by four parameter optimization, the minimum number of
required parameters predicted by the theory, see Eq. (4). (a) Heat map of the optimized EM field, H z , showing

routing from port 1 to port 2 with discrimination > 75 dB. (b) Scattering matrix elements when exciting channel 1.
Inset: Blow up of a region in the complex frequency plane near the real target frequency, showing the predicted

coincidence of CCONs, (R̃T T ) and (R̃T R̃), to accuracy< 10 −7.

In our model the rotation angles of the ellipsoids are our optimization parameters. Our prediction is that we will
need at least four ellipsoids to move the appropriate pair of CCONs to the target frequency and achieve high quality
3-port routing. In Fig. 3 we show a typical optimization result, achieving � 108 dB suppression of the reflection and
undesired transmission with four-parameter tuning. The optimization routine used to find this solution was relatively
simple, based on Newton’s method; it does not involve tracking CCONs. Although this is possible, it is likely not
the most efficient approach. The data in Fig. 3 are typical; we generated many solutions based on different initial
spatial positions and orientations of the scatterers with similar results. Importantly, our similar study with only three
and two tunable scatterers found only � 14 dB and � 32 dB of suppression, respectively. In Fig. 5 we show a more
extensive statistical study of the model for the richer example of four-port routing, validating our predictions over an
ensemble and in more detail.

Our system is reciprocal, and we have been able to use that property to simplify our search for routing solutions. In
[ SM] we show that every routing solution, even though it requires at least one dark channel, will not only correspond to
a specific coincidence of an R-zero and a dark CCON, but also to a coincidence of two R-zeros. Since R-zeros are easier
to compute and track for technical reasons, we use the two relevant R-zeros, (R̃T T ) and (R̃T R̃), for demonstrating

the coincidence of CCONs, but this implies the (R̃T T ) and (NT D) coincidence for the same parameters.
In Fig. 4 we validate our framework for the more demanding functionality of demultiplexing, which should be

achievable in the same three-port cavity, now with eight scatterers. This is just routing at two distinct frequencies:
(R̃T T ) and (NT D) at f 1 and (R̃T T ) and (NDT ) at f 2, requiring two times the four scatterers required for routing at
a single frequency. The system is linear, so if we find a good solution we will be able to send in a signal at f 1 and at
f 2 through port one simultaneously and the two signals will be distributed into ports 2 and 3 respectively, with high
discrimination and no reflection. Indeed. we are able to find good demultiplexing solutions (Fig. 4), with � 40 dB
suppression of unwanted scattering at two different frequencies. Demultiplexing with similar discrimination has already
been experimentally demonstrated in a microwave cavity with tunable scattering via a metasurface with hundreds of
binary tuning parameters [15], but with a � 20 dB overall loss due to absorption. Low loss demultiplexing has not yet
been demonstrated in any experimental system similar to the one modeled here. Neither routing or demultiplexing
has been demonstrated with as few tuning parameters as we use here.

We emphasize that the frequencies chosen to demonstrate routing and demultiplexing were chosen arbitrarily. Not
only can we choose any frequencies for the desired function over a large bandwidth, we can also interchange spatial
pairing, e.g. have demultiplexing from ports 1 ! 3 at f 1 and 1 ! 2 at f 2, for a different configuration of the same
scatterers as we show in Fig. 4b. Thus, as emphasized in [15, 16], a system such as this has broadband in situ
reprogrammability.

To demonstrate the validity of our predictions over many different scattering control functions and their robustness
with respect to different spatial positions and initial orientations of the scatterers, we performed a statistical study of
achievable performance vs. number of tuning parameters for a four-port system, using the realistic microwave cavity
model. We defined appropriate figures of merit (FOM) related to the suppression of the unwanted transmission and/or
reflection processes (see [ SM] for details) and averaged them over the results of multiple optimizations with results
shown in Fig. 5 (where we also indicate their standard deviations). We study up to six-parameter control functions,
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FIG. 4: Demonstration of reprogrammable demultiplexing in chaotic cavity with 8 tunable scatterers (as predicted
by theory). The target frequencies are f 1 = 0:965f c, at f 2 = 0:975f c. The data shown in fig. (a) correspond to the

top routing schematic, with f 1 signal routed to port two and f 2 signal routed to port 3. The scattering matrix
elements (left axis) show deep dips for S11 at both f 1 and f 2, and for S31 at f 1 and for S21 at f 2. Symbols (right

axis) are the CCON spectra (see legends) with a coincidence of (R̃T T ) and (R̃T R̃) at f 1 and of (R̃T T ) and (R̃R̃T )
at f 2, as predicted by theory. Panels (c-d) show heat maps of the EM field (RefH zg) with the desired routing

patterns at f 1; f 2 for case (a). (b) Shows similar data to (a) for the bottom routing schematic, where the roles of
ports 2 and 3 interchanged (we don’t show field maps for this case).

.

FIG. 5: (a) Schematics for 4-port CCONs (top rows) and routing functions (second and third rows), which are
coincidences of CCONs, as shown in the schematics. (b) Variation of Figure of Merit (FOM) for the various
functions computed for a four-port chaotic cavity (reflection zero, single transmission zero, perfect reflection

(T-symmetric case), partial routing, full routing) when optimized with a variable number of tuning parameters. In
all cases excellent performance is found for the minimum number of parameters predicted by theory. Results are
averaged over an appropriate ensemble of configurations of the tunable scatterers, (details are given in [ SM]).

the most demanding being four-port routing. In addition, in the Supplementary Material [ SM] we use a quantum
graph model [27, 28], which is computationally more efficient, to check our predictions up to eight tuning parameters.
With six tuning parameters in a four-port cavity, we can check at least four different functions of interest. We can
study the behavior of CCONs, choosing the examples of R-zeros and zeros of a single transmission coefficient, “partial
routing” (R̃T TD), which is the coincidence of two CCONs (four parameters needed), and finally, “full routing” (the
coincidence of 3 CCONs, all six parameters required).

However, there is a fifth, distinct case to study. While our generic argument above predicts that it requires two
parameters to tune a CCON to a target real frequency, there is an exception due to time-reversal symmetry; this is the
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case of multichannel perfect reflection for a system with an even number of channels, first noted in ref. [22]. In that
work they considered a multichannel waveguide with a scattering region with an Nc � N c transmission matrix. We
can generalize this to any system described by an S-matrix with an even number of channels, Nc, arbitrarily choosing
Nc=2 of them as input ports. In that setting, perfect reflection means zero total transmission into the complementary
channels, which are hence dark. For our four-port example this is a CCON of form (NNDD). Since our system is
lossless this process maps under time-reversal as follows: (NNDD)(!) ! (NNDD)(! ∗), i.e. it maps back to the
same process at the complex conjugate frequency. It follows that these transmissionless CCONs will occur as complex
conjugate pairs, or on the real axis. Although this is similar to the symmetry of R-zeros when the system has parity
symmetry [7, 18], remarkably, this property requires no spatial symmetry at all, and can be realized in a realistic
non-symmetric system. Transmission zeros on the real axis will simply flow along it under single-parameter tuning
(unless it meets another solution at an EP) and can be tuned to nearby frequencies with a single parameter. This
“horizontal” motion of transmission zeros in a two-port system under single-parameter tuning was observed in ref.
[16] but displaced below the real axis slightly, due to non-negligible absorption. Here we study statistically the more
complex four-port analog, and indeed find single-parameter tuning is sufficient to reach a desired frequency. In the
Supplementary Materials [ SM] we show that time-reversal symmetry decreases the minimal tuning requirements for
overconstrained functionalities as well (e.g., (NDDD)), halving the number of required degrees of freedom to realize
them at a single frequency on the real axis; this is confirmed by results from a quantum graphs model.

In Fig. 5 we see that all the five distinct functions considered were realizable with � 100 dB suppression of
unwanted processes when the correct“minimum” number of tuning parameters is used. Not surprisingly, we see that
the cross-over from poor to excellent FOM is smoother for the more overconstrained functions, such as partial and
full routing.

V. CONCLUSIONS

We have introduced a novel mathematical framework to characterize the difficulty of controlling scattering of waves
in complex higher dimensional geometries, in order to suppress chosen scattering processes that occur generically. We
then utilize this framework to demonstrate the ability to implement coherent control functions on input waves in a
spatially compact, strong scattering geometry, a chaotic cavity with a relatively small number of tunable scattering
elements. Not only can we achieve routing and demultiplexing of narrowband signals, but the system is found to be
arbitrarily reprogrammable to change both the chosen frequencies and the spatial routing pattern. This approach
can be applied to many other control functions, such as filtering, power division, directional lasing, isolation and
circulation (in non-reciprocal extensions). It provides a window into complex optimization problems for which no
intuitive classification scheme existed previously. The framework applies to all linear waves, both classical and
quantum, but is most useful when coherent narrowband excitation is possible and the system has some degree of
tunability. Thus, it makes contact with research in the field of metamaterials more generally, which often are designed
with in situ tuning parameters. The approach requires a 3D or 2D scattering region at least as large as the wavelength
of the input waves. Interestingly, it is possible to apply an even more general but similar approach to problems with
mutually incoherent inputs[41], which still can be routed, but with a larger number of tuning parameters than required
when the inputs are mutually coherent.

We do not as yet have a complete understanding of the limits of this approach with respect to bandwidth, minimal
size, and optimal geometry of the cavity and of the tunable elements. These are topics for further research. Here we
focused on relatively open, low-Q cavities, a few wavelengths in size, using routing as a dramatic example of scattering
control in a multiple scattering geometry with no spatial symmetries [ SM].
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[13] S. Kim, A. Krasnok, and A. Alù, Science 387, 10.1126/science.ado4128 (2025).
[14] D. G. Baranov, A. Krasnok, and A. Alù, Optica 4, 1457 (2017).
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S1. CCON SOLUTIONS AS EIGENVALUES OF A GENERALIZED OPERATOR

A. Schur’s Formula

We start by providing a proof of Schur’s determinant formula [1, 2]. Let

M =

�
A B
C D

�
; (S5)

where A and D are square matrices. When A is invertible, the determinant of M satisfies

det(M) = det(A) det
�
D � CA −1B

�
; (S6)

and when D is invertible, we have

det(M) = det(D) det
�
A � BD −1C

�
: (S7)

As in [2], this is proven by noting that

�
A B
C D

�
=

�
I 0

CA−1 I

� �
A B
0 D � CA −1B

�
: (S8)

Taking the determinant of both sides leads to Eq. S6. The second form Eq. S7 is proven in an analogous manner.

B. The constraint matrix

For linear systems, the scattering matrix relates the incoming and outgoing channel amplitudes via

�(!) = S(!)�; (S9)

where � and � are the vectors of coefficients in the incoming and outgoing channel bases respectively. Let I =
f1; � � � ; N cg be the index set of all channels. We can define the following subsets of I, according to the conditions
imposed on � and �.

I ~R = fi 2 I in j � i = 0g; I T = fi 2 I in j � i = 0g
I D = fi 2 I in j � i = 0 and � i = 0g; I N = In(I ~R [ I T )

Note that with this definition I D = I ~R \ I T . We also define the incoming and zero-outgoing index sets as
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I in = I ~R [ I N ; I 0 = I ~R \ I D (S10)

For a given set of boundary conditions with n ~R reflectionless channels, nT transmission channels, nN normal channels
and nD dark channels, the relevant submatrix whose determinant is zero at the solutions to the corresponding boundary
conditions will be denoted by C. The constraint matrix is an m � n matrix, with m = n D + n ~R and n = nN + n ~R .
This submatrix is obtained from the full scattering matrix by use of filtering matrices F and F̄ defined by

F = (ei 1 ; ei 2 ; � � � ; ei n )†; (S11)

where i r 2 I in is in the set of indices of channels with either a normal or a reflectionless constraint, es is the N
dimensional basis vector (0; 0; � � � ; 1; � � � ; 0) T with 1 at s and zero for the remaining entries. For F̄ we have

F̄ = (ej 1 ; ej 2 ; � � � ; ej m )†; (S12)

where j r 2 I 0 is in the set of indices of channels with either a reflectionless or a dark channel. From this, the constraint
matrix, could be written as

C = F SF̄ † (S13)

An example is below

C =

0

B
B
B
B
B
B
B
B
B
B
B
@

S11 � � � S1i � � � S1j � � � S1n
...

. . .
...

. . .
...

. . .
...

Sk1 � � � Ski � � � Skj � � � Skn
...

. . .
...

. . .
...

. . .
...

Sl1 � � � Sli � � � Slj � � � Sln
...

. . .
...

. . .
...

. . .
...

Sm1 � � � Smi � � � Smj � � � Smn

1

C
C
C
C
C
C
C
C
C
C
C
A

: (S14)

At a given frequency ! 0, a nontrivial solution that satisfies the boundary conditions exists if and only if the associated
constraint matrix has a nontrivial nullity. For CCONs, nD = nN so the constraint matrix is square, and the condition
reduces to det(C(! 0)) = 0. For all other boundary conditions, the constraint matrix is rectangular: when nD < n N
the system is underdetermined (a trivial case which we do not consider here), whereas the problem with nD < n N
will be called overconstrained.

C. Proof of Equation 2

Starting from Temporal Coupled Mode Theory (TCMT) [3, 4], the scattering matrix for a lossless reciprocal system
can be written in the compact form

S(!) = S 0 � iK
1

! � Ω + iΓ
K †S0; (S15)

where K describes the coupling from the open channels to the resonant modes, Ω is a Hermitian matrix of the resonance
frequencies (which, with a suitable choice of basis, may be taken to be diagonal) and Γ = K †K=2 represents the decay
rates. Applying the filtering matrices to Eq. S15 yields

C(!) = F S 0F̄ † � iF K
1

! � Ω + iΓ
K †S0F̄ †: (S16)

We define the filtered coupling matrices for incoming channels K F and K̃ �F for outgoing channels, as

K F = F K; K̃ �F = F̄ S0K: (S17)

K F here denotes the coupling matrix from the channels in the new basis of (Dark + Reflectionless) to the resonances,

and analogously K̃ �F represents the coupling matrix restricted to the incoming channels (Normal + Reflectionless).
We can also define C0 = F S0F̄ † as the filtered background matrix. With the new definitions, we can write:

C(!) = C0 � iK F
1

! � Ω + iΓ
K̃ †

�F : (S18)
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Taking the determinant of both sides and using Schur’s determinant formula leaves us with the following

det(C(!)) = det(C0)
det

�
! � Ω + iΓ � i K̃ †

�F C−1
0 K F

�

det (! � Ω + iΓ)
: (S19)

So the solutions satisfying the CCON boundary conditions are the eigenvalues of the operator Ω � iΓ + i K̃ †
�F C−1

0 K F .
The first two terms of this operator describe the effective Hamiltonian operator of the open system, and the last term
corresponds to the shift of CCON zeros from the resonances. Note that if the resonances couple weakly to the incoming

channels or the nulled outgoing channels, then the shift is also small (provided that C−1
0 is finite) � ⟨L|(
−i�)|R⟩

⟨L|R⟩ , where

j Li and j Ri are the left and right eigenvectors of the effective Hamiltonian operator.
In the general case, with loss and nonreciprocal elements. The scattering matrix can be written as:

S(!) = S 0 + iD
1

! � Ω + iΓ
K T ; (S20)

where D and K are not necessarily the same since we don’t assume reciprocity. Using a similar procedure we arrive
the at the following expression for determinant of the constraint matrix:

det(C(!)) = det(C0)
det

�
! � Ω + iΓ + iK T

�F C−1
0 DF

�

det (! � Ω + iΓ)
; (S21)

which is the same expression as equation (2) in the main text. In a lossless, reciprocal system, we have the constraints
D = K, S 0K ∗ = �K [4], which with the fact that the background matrix is unitary and symmetric reduce the last
expression to Eq. S19.

D. S0 = IN c case

When the background matrix is the identity, a problem arises in Eq. S19. For cases where there is at least 1
dark channel, the filtered background matrix C0 is singular and we can no longer apply Schur’s determinant formula.
However, there is a nice way to rewrite the expression for the determinant of the constraint matrix. We first relabel
our channels so that we can write the CCON as (N � � � N; D � � � D R̃ � � � R̃T � � � T ). With this choice, we can write

C(!) =

�
0n D ×n N 0n D ×n ~R

0n ~R ×n N In ~R ×n ~R

�
� i

�
K D
K ~R

�
G−1(!)

�
K †

N K †
~R

�
: (S22)

where G(!) = ! � Ω + iΓ. Taking the determinant of both sides and using the second form of Schur’s determinant
formula gives

det(C(!)) =
1

det(G(!))
det

0

@
0n D ×n N 0n D ×n ~R

iK D
0n ~R ×n N In ~R ×n ~R

iK ~R
K †

N K †
~R

G(!)

1

A : (S23)

Using the same formula again but with A = 0n D ×n N , B =
�
0n D ×n ~R

; iK D
�
, C =

�
0n N ×n ~R

; K N
� †

and D is the
remaining block matrix, gives

det(C(!)) =
1

det(G(!))
det

�
In ~R ×n ~R

iK ~R
K T

~R G(!)

�
det

"

�
�
0n D ×n ~R

iK D
�

�
In ~R ×n ~R

iK ~R
K T

~R G(!)

� −1 �
0n ~R ×n N

K †
N

� #

(S24)

We can simplify the first term using Schur’s determinant formula and the second factor using the inverse formula.

det(C(!)) =

det
�

G(!) � iK †
~R
K ~R

�
det

�
�iK D

�
G(!) � iK †

~R
K ~R

� −1
K †

N

�

det G(!)
(S25)

With G(!) = H 0(!) � iΓ, for any H 0(!), as long as S 0 = IN res (e.g., Quantum Graphs, Heidelberg model, TCMT):

det(C(!)) =
det (H0(!) + iΓ e� ) det

�
�iK D (H0(!) + iΓ e� )−1K †

N

�

det G(!)
; (S26)
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where Γe� = ΓN + ΓD + ΓT � Γ ~R , is the effective decay rate, and ΓC = K †
C K C =2. The interpretation of the last

equation is that the R̃ channels in CCONs always serve as an effective gain. For H 0(!) = ! � Ω (i.e., TCMT), we

can multiply the right hand side by ! n D

! n D to obtain

det(C(!)) =
det

�
�iK D K †

N

�
det

�
! �

�
IN res � K †

N (K D K †
N )−1K D

�
(Ω � iΓ T + iΓ ~R )

�

! n D det (! � Ω + iΓ)
: (S27)

So the CCON solutions are the non-zero eigenvalues of the operator
�

IN res � K †
N (K D K †

N )−1K D

�
(Ω�iΓ T +iΓ ~R ). Here

we exclude exactly nD zero eigenvalues that were introduced because we multiplied the numerator and denominator
by ! n D . This explicitly shows that when the background is ignored, we lose nD solutions that are pushed off to
infinity.

S2. RANDOM MATRIX THEORY

In Random Matrix Theory (RMT), the scattering matrix has the same form as in TCMT:

S(!) = I � iW † 1

! � H + iΓ
W; (S28)

where H is the closed cavity Hamiltonian, and W �i is the coupling amplitude from the � resonance to the i th open
channel. To obtain the statistical average of the imaginary part of CCON eigenfrequencies, we adopt the conventional
way of taking H from a GOE ensemble [5, 6] with

hH i = 0; hH�� H � 0� 0i =
� 2

N res
(� �� 0� �� 0 + � �� � � 0� 0) : (S29)

With the mean level spacing around the center is ∆ = ��=N res. We also take each element of the coupling matrix W
from a normal distribution such that

hW�i i = 0; hW ∗
�i W�j i = 2


 �

N res
� �� � ij : (S30)

To obtain a global statistical average, we use Eq. S27, where the CCON solutions are the eigenvalues of�
IN res � W N (W †

D WN )−1W †
D

�
(H � iΓ T + iΓ ~R ). Here WC and ΓC are defined similarly to section S1 D. The global

average will then be the ensemble average over all eigenvalues in all realizations, that is

h! CCON i =
1

N res � n D

D
Tr

n�
IN res � W N (W †

D WN )−1W †
D

�
(H � iΓ T + iΓ ~R )

oE
; (S31)

where the brackets refer to the ensemble average. Since the two factors are statistically independent, the average can
be obtained by evaluating the mean of each factor and then multiplying. So we can start with the second factor first.

hH � iΓ T + iΓ ~R i = 0 � ihW T W †
T i=2 + ihW ~R W †

~R
i=2 (S32)

= �in T



N res
IN res + in ~R



N res

IN res (S33)

= i(n ~R � n T )



N res
IN res : (S34)

With this, we can write

h! CCON i = i(n ~R � n T )



N res(N res � n D )

�
N res �

D
Tr

n
WN (W †

D WN )−1W †
D

oE�
: (S35)

Simplifying the last expression leaves us with

h! CCON i = i(n ~R � n T )



N res
: (S36)

The expression given above refers to the global mean or the Weisskopf estimate [5, 6], which differs from the local
mean. The global mean obtained via the trace formula, is valid in the weak-coupling regime. By contrast, the local
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mean of resonance widths at finite coupling is estimated by the Moldauer-Simonius (MS) relation[5, 6]. Intuitively, the

mean imaginary part should have a weak dependence on nD since in the operator
�

IN res � W N (W †
D WN )−1W †

D

�
(H �

iΓ T + iΓ ~R ), the factor that carries the dependence on both dark and normal channels multiplies the Hermitian and
anti-Hermitian parts of the operator in the same way, therefore, its effect should be weak on the mean of the imaginary
part of CCONs when normalized by the mean level spacing ∆. Motivated by this, we expect an MS-type relation to
hold for CCONs:

hImf! CCON gi
∆

=
(n ~R � n T )

4�
ln(1 � T ); (S37)

where we have assumed equivalent channels with T = Tc = 4� c
(1+� c )2 , and � c = �
 c

N res � . Thus, ND pairs are expected

not to contribute strongly to the average displacement of CCONs from the real axis. A detailed RMT analysis of
CCON statistics will appear in a future publication. FIG. S1 Shows a numerical demonstration of the independence
of the global and local mean on ND pairs, and showing excellent agreement with our predictions.

FIG. S1: Numerical results for the (a) global and (b) local mean of the imaginary parts of CCONs. Each point is
computed over an ensemble of 500 realizations and N res = 400 resonances each. Parameters: 
 = 1:5 , � = 1=2. The
dashed lines show the predicted averages for CCONs with n ~R � n T = (4; 2; 0; �2; �4). The numerical results show
excellent agreement with the theoretical predictions. When estimating the local mean numerically, superradiant-like
states were excluded from the averaging.

S3. MINIMAL NUMBER OF PARAMETERS FOR OVERCONSTRAINED PROBLEMS

In overconstrained problems, we are considering a tall matrix C 2 Cm×n with m > n: For the constraint matrix to
have a nontrivial solution for this case, we must have nullity(C) � 1. Or using the Rank-Nullity theorem, we need to
have rank(C) � n � 1. We start by finding the codimension of the constraint matrix in terms of its rank.

Claim: A matrix C 2 C m×n with rank r has a complex dimension (m + n)r � r 2.

Proof : Let C 2 C m×n be a matrix with rank r, so it must have r linearly independent rows. Changing the order of

the rows does not change the dimension of the matrix, so we can write C =

�
B
L

�
, where B is the matrix containing

the linearly independent rows of C and L is the matrix constructed from the remaining rows. B is full rank; and
therefore it must have a dimension nr. Since every row of L is a linear combination of the rows of B, it follows that
we need r complex numbers to uniquely specify each row of L. That is a total of (m � r)r complex numbers to fully
construct L and to fully construct C, we need nr + (m � r)r = nr + mr � r 2 complex numbers.

Note: The complex codimension of a matrix C 2 C m×n with rank r is given by nm �nr �mr + r 2 = (n � r)(m � r).

Note: From the Rank-Nullity theorem, r = n � nullity(C) and thus the codimension of C is nullity(C)(m � n +
nullity(C)). Since we want the nullity to be at least 1, we can see that in general, we need at least (m �n+1) complex
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numbers or 2(m � n + 1) real parameters to have a solution for the overconstrained problem at a single frequency. In
our notation, this is just 2(nD � n N + 1) real parameters.

S4. CCONS ARE THE BUILDING BLOCKS OF OVERCONSTRAINED FUNCTIONALITIES

When nD > n N , the constraint matrix is tall: C 2 Cm×n , with m > n. We will show that for any such matrices,
if all the maximal minors vanish at a given frequency (i.e., all CCON zeros formed from the same set of incoming
channels meet at a single point in the complex frequency plane), then the constraint matrix has a nontrivial nullspace
at that same frequency.

Claim: If all zeros of CCONs that can be built from the constraint matrix while sharing the same columns meet
at a single point in the complex frequency plane, then the constraint matrix must have a nontrivial nullity at that
same point.

Proof 1: We first note that even though the constraint matrix is rectangular, we can still write the condition for
existence of solutions in terms of the determinant of a single matrix, namely det

�
C†C

�
= 0. We then use Cauchy-Binet

formula on C†C gives

det
�
C†C

�
=

X

I∈[m];|I|=n

det
�

C†
[n];I

�
det

�
CI;[n]

�
: (S38)

Where [n] = f1; � � � ; ng and [m] = f1; � � � ; mg. C I;[n] denotes the submatrix with row indices I and all the columns of
C. We can simplify the last expression to

det
�
C†C

�
=

X

I∈[m];|I|=n

�
�det

�
CI;[n]

� �
�2 : (S39)

From this, it is clear to see that we have a zero of C†C (i.e., C has a nontrivial nullity) if and only if all maximal
minors of C vanish.

Proof 2 (by contradiction): Assume that all maximal minors of C vanish, but C has a trivial nullity. Then
rank(C) = n which implies that there are n linearly independent rows of C. These rows form a submatrix whose
determinant does not vanish, but this contradicts the assumption that all maximal minors must vanish. Thus, C must
have a nontrivial nullity.

Note: For an overconstrained problem, there are
� m

n

�
CCONs that share the same incoming channels (i.e., the

same columns as the the constraint matrix C). The claim above does not specify how many such CCONs we need in
general. Below, we illustrate what the claim implies in some examples.

Examples:

(R̃R̃DT ) = ( R̃R̃T T ) + (N R̃DT ) + ( R̃NDT )

(N R̃DD) = (N R̃DT ) + (N R̃T D) + (NNDD):

(R̃R̃R̃DT ) = ( R̃R̃R̃T T ) + (R̃R̃NDT ) + ( R̃N R̃DT ) + (N R̃R̃DT ):

The next claim quantifies how many CCON coincidences suffice ”in general” to show that the constraint matrix is
rank-deficient.

Claim: Let C 2 C m×n with m > n. If the first n � 1 rows of C are linearly independent and every n � n minor of C
formed from all columns of C and the row set f1; � � � n � 1; ig, where i 2 fn � 1; � � � ; mg vanishes then the constraint
matrix must have a nontrivial nullity.
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Proof : Let

M k =

0

B
B
B
@

r 1
...

r n−1
r n+k

1

C
C
C
A

where r i is the i th row of C and k = 0; 1; : : : ; m. Assume that the first n � 1 rows are linearly independent and that
all M k have a vanishing determinant. This implies that you can write r n+k in terms of the first n � 1 rows, and this
is true for all k = 0; 1; : : : ; m. It then follows that all columns r i with i � n, are in the span of the first n � 1 columns.
Thus, C is of rank n � 1 and the nullity is 1.

Note: Because there are m � n + 1 matrices M k , and we want them all to have a vanishing determinant, it may
seem that in general we need m � n + 1 = n D � n N + 1 CCONs to coincide to have a solution for the overconstrained
problem. But it should be clear that there is no way to know in advance which n � 1 rows are linearly independent,
so the number above may not be the number of CCONs you require to coincide in general, but this does not change
the codimension arguments above about the minimal number of degrees of freedom required for a given functionality.
So it is possible to have a coincidence of nD � n N + 1 CCONs and not have the desired functionality. This does not
happen when nN = 1. For nN = 2, this could happen only for the trivial case where the base row is a matrix of zeros.

Examples:

(R̃R̃DT ) = ( R̃R̃T T ) + (R̃NDT )

(N R̃DD) = (N R̃DT ) + (N R̃T D)

S5. R-ZEROS ARE THE BUILDING BLOCKS OF PERFECT ROUTING SOLUTIONS

Here we prove that for a symmetric scattering matrix, perfect routing solutions are coincidences of R-zeros in
the complex frequency plane. We first define perfect routing as overconstrained functionalities containing only the
boundary conditions R̃; T and D.

Claim: Let S be a symmetric matrix and let

C =

0

B
B
B
@

B
dT

1
...

dT
m−n

1

C
C
C
A

; H i =

�
B d i
dT

i ci

�

be the reflection matrix constructed from the basis matrix B = [Sst ]
1≤s≤n
1≤t≤n , with the first n rows and columns of S, the

(n + i) th column of S with the first n rows of S, di = [Sst ]
1≤s≤n
t=n+i , and ci = Sn+i;n+i . Then the following statements

are true:

(i) If B has nullity 1 and H i has a vanishing determinant for all i 2 f1; 2; � � � ; m � ng then the constraint ma-
trix C has nullity 1.

(ii) If C has a nontrivial nullity, then B and Hi have nontrivial nullity for all i 2 f1; 2; � � � ; m � ng .

Proof 1: (i) Suppose B has nullity 1 and H i have a zero determinant for all i 2 f1; 2; � � � ; m �ng, then the columns

of H i are linearly dependent. In that case, either (1)

�
di
ci

�
could be written in terms of the of the other columns of H i

or (2) the columns of the matrix

�
B
dT

i

�
are linearly dependent. If (1) then di is in the span of the rows of B, and dT

i

could be written in terms of the rows of B. If (2), then

�
B
dT

i

�
must be of rank at most n�1, but since B is of rank n�1,
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it follows that dT
i is in the span of the rows of B. In both cases, dT

i could be written as a linear combination of the rows
of B. This must be true for all i 2 f1; 2; � � � ; m�ng, and thus the constraint matrix C must be of rank n�1 or nullity 1.

To prove (ii), suppose that C has nullity 1, then there exists a nonzero vector � such that

0

B
B
B
@

B
dT

1
...

dT
m−n

1

C
C
C
A

� =

0

B
B
B
@

B�
dT

1 �
...

dT
m−n �

1

C
C
C
A

= 0:

It is then easy to see that � and

�
�
0

�
is in the Kernel of B and H i respectively, and therefore both B and H i must

have a zero determinant.

The last claim says that for a symmetric scattering matrix S with scattering boundary conditions involving only R̃
and D, having a nontrivial solution is generally equivalent to the coincidence of m � n + 1 = n D + 1 R-zeros.

Proof 2: Here we prove the same result by using our notation and time-reversal symmetry arguments. We
first introduce the notation (R̃R̃ � � � R̃DD � � � DT T � � � T )

";!
to mean that there is a nontrivial solution satisfying the

corresponding boundary conditions at ! with the scattering system described by a permittivity ". We prove this in
succession:

1.

(R̃DT )
";!

= (R̃T T )
";!

M
(R̃R̃T )

";!
: (S40)

This simply means that S11 = S21 = 0 iff S11 = 0 and

�
S11 S12
S21 S22

�
has a zero determinant. To show this, we note

that S11 = S21 = 0 clearly implies a zero of the two port reflection matrix

�
S11 S12
S21 S22

�
. For the converse, we see that

a zero of the two port reflection matrix implies S11S22 � S 12S21 = 0. But S11 = 0 and because of symmetry we must
then have S21 = S12 = 0.

2.

(R̃DD � � � DT )
";!

= (R̃T T � � � T T )
";!

M

D→T;D i → ~R

(R̃DD � � � DT )
";!

(S41)

The last symbol means that we take the sum over all possibilities in which all D’s go to T except one of the D’s

go to R̃. In matrix language, this says that Si1 = 0 for all i 2 f1; 2; � � � ; mg; iff S 11 = 0 and

�
S11 S1i
Si1 Sii

�
has a zero

determinant for all i 2 f2; � � � ; mg.

The proof for (2) easily follows from (1) by taking the scattering elements pairwise S11; Si1 .

3.

(R̃DD � � � DT )
";!

= (R̃R̃R̃ � � � R̃T )
";!

M

D→ ~R;D i →T

(R̃DD � � � DT )
";!

: (S42)
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We show this by time reversal

(R̃DD � � � DT )
";!

= T

"

(T DD � � � D R̃)
" � ;! �

#

= T

2

4(T T T � � � TR̃)
" � ;! �

M

D→T;D i → ~R

(T DD � � � D R̃)
" � ;! �

3

5

= (R̃R̃R̃ � � � R̃T )
";!

M

D→ ~R;D i →T

(R̃DD � � � DT )
";!

4. A T boundary condition does not change the constraint matrix and can always be added to equations like
Eq. S42.

(R̃DD � � � DT T � � � T )
";!

= (R̃R̃R̃ � � � R̃T T � � � T )
";!

M

D→ ~R;D i →T

(R̃DD � � � DT T � � � T )
";!

: (S43)

5.

(R̃R̃ � � � R̃DD � � � DT )
";!

= (R̃R̃R̃ � � � R̃T T � � � T )
";!

M

D→T;D i → ~R

(R̃R̃ � � � R̃DD � � � DT )
";!

: (S44)

We use time-reversal on Eq. S43

(R̃R̃ � � � R̃DD � � � DT )
";!

= T

"

(T T � � � T DD � � � D R̃)
" � ;! �

#

= T

2

4(T T � � � T R̃R̃ � � � R̃)
" � ;! �

+
M

D→ ~R;D i →T

(T T � � � T DD � � � D R̃)
" � ;! �

3

5

= (R̃R̃R̃ � � � R̃T T � � � T )
";!

+
M

D→T;D i → ~R

(R̃R̃ � � � R̃DD � � � DT )
";!

6. The last thing we do is that we add a general number of T channels to the end which does not change the
constraint matrix

(R̃R̃ � � � R̃DD � � � DT T � � � T )
";!

= (R̃R̃R̃ � � � R̃T T � � � T T � � � T )
";!

M

D→T;D i → ~R

(R̃R̃ � � � R̃DD � � � DT T � � � T )
";!

: (S45)

This proves the statement.

S6. COUNTING FOR SYSTEMS WITH TIME-REVERSAL SYMMETRY

Time-reversal symmetry (T ) can reduce the codimension of perfect reflection functionalities, which in turn reduces
the minimum number of independent parameters required to realize them on the real axis. For example, the CCON
NNDD, is T -symmetric and has codimension 1 (rather than 2 as for generic CCONs). A similar reduction appears
in overconstrained perfect reflection. This includes all cases where only N and D boundary conditions are considered,
with nD > n N . For example, for NDDD, without symmetry, it would require a set of 6 parameters to be achieved
at a single frequency on the real axis, but with T , it would require only 3 parameters. We show why this is true below.
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Claim: In systems with T -symmetry, the number of parameters required to achieve the overconstrained function-
ality (NDD � � � D) at a single frequency on the real axis is n D .

Proof : To show this we first write the scattering matrix in the form:

S =

�
S11 TT

T R

�
; (S46)

where S11 is a scaler, T is an nD � 1 column vector and R is an n D � n D block. The constraint associated with the
CCON (NDD � � � D) is T = 0. With time-reversal symmetry, the scattering matrix is unitary and complex symmetric,

and the space of (nD + 1) � (n D + 1) unitary and symmetric matrices has a real dimension (n D +1)(n D +2)
2 . Imposing

T = 0 forces S to be a block diagonal matrix:

S =

�
S11 01×n D

0n D ×1 R

�
: (S47)

Because of time-reversal symmetry, both S11 and R are unitary and complex symmetric. Thus, the dimension

constrained space is given by 1 + n D (n D +1)
2 . The real codimesnion is given by the difference:

(nD + 1)(nD + 2)

2
�

nD (nD + 1)

2
� 1 = n D : (S48)

So the number of degrees of freedom required to achieve this functionality is nD . A special case is in the two-port
T -symmetric case of transmission zeros (ND), which requires only a single parameter to be tuned to the real axis.

We now generalize this to an arbitrary number of N channels.

Claim: In systems with T symmetry, the number of parameters required to achieve the overconstrained function-
ality (NN � � � NDD � � � D) at a single frequency on the real axis is n D � n N + 1.

Proof : With T -symmetry, the scattering matrix S is unitary and complex symmetric and could be written as:

S =

�
R1 TT

T R2

�
; (S49)

where R1 is an nN � n N symmetric block, T is an nD � n N matrix and R2 is an nD � n D block. The constraint
associated with the functionality (NN � � � NDD � � � D) is nullity(T ) � 1. In this space, T is of rank n N � 1, and so the
first column could be written as a linear combination of the remaining nN � 1 columns, and using matrix operations
we can reduce the constraint matrix to T = [0n D ×1; T̃ ], where T̃ is full-rank. The nN � 1 coefficients used in this
reduction are needed to uniquely determine the constrained space. From this we can write:

S =

0

@
R11 RT

21 01×n D

R21 R22 T̃T

0n D ×1 T̃ R2

1

A : (S50)

Since S is unitary we have SS† = I, which in turn gives R 21T = 0: Because T is full rank, we must have R21 = 0.
From this we can write the scattering matrix as:

S =

�
R11 01×(n D +n N −1)

0(n D +n N −1) R̃2

�
: (S51)

From this we can count the dimension of this constrained space. R11 and R̃2 are both unitary symmetric matrices with

real dimensions 1 and (n D +n N −1)(n D +n N )
2 respectively. The dimension of the unconstrained unitary and symmetric

scattering matrix is (n D +n N )(n D +n N +1)
2 . So the number of required parameters for this functionality is

(nD + nN )(nD + nN + 1)

2
�

(nD + nN � 1)(n D + nN )

2
� 2(n N � 1) = n D � n N + 1: (S52)

The last term 2(nN � 1) comes from the n N � 1 complex coefficients used in the reduction T = [0 n D ×1; T̃ ].
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S7. QUANTUM GRAPHS

In Quantum Graphs[7, 8], the system consists of a set of vertices V connected by edges E. Along each edge, the field
satisfies the 1D Helmholtz equation. At each vertex, boundary condition are imposed such that the field is continuous
(Neumann condition) and the sum of the outgoing derivatives vanishes (Kirchhoff condition). Despite their simplicity,
these system were shown to have some statistical properties that are characteristic of chaotic cavities [7]. From the
governing equations, a compact expression for the scattering matrix can be derived:

S(k) = I � 2iW T 1

H(k) + iW W T W; (S53)

where

H �� =

(
�

P
�̸=� C�� cot(kL �� ) if � = �

C�� e−iA �� L �� csc(kL �� ) if � 6= �
: (S54)

Wij is the coupling between the leads and vertices and is taken to be 1 when they are connected and 0 otherwise.
C�� is 1 when the vertices � and � are connected, and 0 otherwise and A �� is the magnetic potential on the edge
connecting the vertices � and �.
We test the minimal number of degrees of freedom predicted by the theory for these functionalities using a Quantum
Graphs model with 4 leads and 5 connected vertices. For each functionality, we define the cost function as the smallest
singular value of the constraint matrix.

Algorithm 1: Testing the Minimal Number of Degrees of Freedom Using Quantum Graphs

Input: Maximum number of degrees of freedom D max = 10, number of generated ensembles Nens = 100,
number of initialization points for local minima N int = 100, number of edges nedges

Output: Average figure of merit (FOM) over ensembles
for d � D max do

while i � N ens do
/* Initialize */
Choose a random wavenumber k;
Choose d random bonds for the scatterers;
Assign random lengths to the rest of the Nedges � d bonds 2 [2�=k; 4�=k];

/* Local search using Quasi-Newton Algorithm */
while j � N int do

Use Newton’s method to find local minima;

Find the the best (smallest) minimum over all initializations j;
/* Refine */
Use Simplex search method with initial point given by the minimum over j

/* Post processing */
Average the FOM over the ensembles

S8. TOPOLOGICAL PROPERTIES OF CCONS

Generically, CCONs are zeros of a complex valued function (i.e., det(C(!))), and depending on the context, they can
be viewed as zeros in a general parameter space, or in the complex frequency plane. Here, we clarify the distinction
between the two representations. We can write the scattering matrix with its explicit dependence on both frequency
and some general parameters p that depend on the scattering system as S(!; p), where p is a d dimensional vector.
CCONs can then be explored in two ways: fixing p and observing the discrete spectra in the complex plane or by
fixing the frequency and finding the zeros in a chosen 2 dimensional parameter space. The former was the view used
in the main paper, while the latter was considered in [9].

Without symmetry, and assuming smooth dependence on ! and p, the theory of Sard and Brown [10, 11] guar-
antees that those zeros are isolated points.
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FIG. S2: Minimal parameter counts from quantum graphs tests. Using a graph with 5 fully connected vertices, and
4 leads, we verify the predicted DOF for the selected functionalities. 1 degree of freedom for the T -symmetric

CCON (NNDD) and 2 degrees of freedom all other CCONs. Overconstrained T -assisted functionalities: 3 degrees

of freedom for (NNDD) and (NDDT ) (see section S6). ( R̃DT T ) or partial routing is a 4 parameter functionality

and (R̃DDDT ) is full routing which is a 6 parameter functionality.

For now we consider those zeros in a 2-dimensional space, either a complex plane, or a parameter plane (p1; p2). In
this space we can define the function f(s) = det(C(s)) as a complex valued function of s. Around a simple zero s0,
the winding number is

wind(f ; s 0) =
1

2�i

Z 2�

0

f ′(�)
f(�)

d�: (S55)

To evaluate this, we write f(s) as a two component vector with f(s) = (Reff(s)g; Imff(s)g)
T

and linearize around
s0: f(s) = Df(s 0)(s � s 0), where Df(s 0) is the Jacobian matrix at s0 and is given by

Df =

 
@f1
@x

@f1
@y

@f2
@x

@f2
@y

!

s0

: (S56)

After some calculations, we arrive at

wind(f ; s 0) = sign(det(Df(s 0))): (S57)

So every simple zero has a winding number of �1. When f is analytic at s 0, the Cauchy-Riemann equations force
det(Df) � 0, which ensures that

wind(f ; s 0) = 1; for f analytic at s 0: (S58)

Hence, within a region of the complex frequency plane where S is analytic, the winding number associated with
a simple zero is always +1. This property extends to other physical quantities for which S is meromorphic (e.g.,
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"; �). Consequently, CCONs cannot annihilate pairwise in the complex frequency plane under continuous parametric
variations of the geometry and are therefore conserved in that sense. However, annihilation between a pole and a zero
remains possible.

FIG. S3: Visualization of CCONs in a geometric space derived from a quantum graphs calculation. (a) Phase of (S21)
showing that around the singular points the phase winds once either clockwise or counter-clockwise, corresponding
to a winding number of -1 or +1. (b) The system is slightly perturbed from (a) and we observe the flow of zeros
until an annihilation event occurs at the marked location. (c) Flow of zeros in geometric space as kL 13 is tuned from
2:8683 (panel a) to 2:9256 (panel b). The red star indicates the annihilation point of the zeros. Inset: schematic of
the model used.

An additional property of CCONs arises when the scattering matrix is periodic in 2 parameters. By tracing a
simple contour around a single unit cell, the winding number must vanish. Thus, CCONs in that space must always
come in pairs with opposite winding numbers. Since our control parameters are the angles of ellipsoidal scatterers
with respect to a fixed axis, they are indeed periodic and the relevant parameter spaces exhibit this property. All
these properties have a natural extension to the overconstrained functionalities, where the space in which zeros exist
is higher dimensional. A complete treatment of the topological properties including such cases will appear in a future
publication.

S9. OPTIMIZATION

In all of the designs, we aim to have a nontrivial nullspace for the constraint matrix. We consider the case of a
square and nonsquare constraint matrix. We state the cost function used in all of the implementations.
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A. Cost function

In this case, nD = nN and we need to have a zero determinant for the constraint matrix C

CF = j det(C)j2 (S59)

We can also formulate this in terms the singular values.

B. Tall constraint matrix

In this case C 2 Cm×n with m > n, is non-square and we can not define the determinant directly. But we note
that N(C) = N(C†C), where N() refers to the nullspace, and since C†C is square, it follows that we can formulate the
optimization problem in terms of the determinant of C†C

CF = j det
�
C†C

�
j2: (S60)

Another approach is to use the singular values of the constraint matrix. If the set � n of singular values of C, is
arranged in increasing order, then one simple cost function could be

CF = � 2
1 : (S61)

One important result about singular values is that if there is loss in the system, then the singular values of S and any
submatrix of S are always less than 1.

C. Testing the minimal number of degrees of freedom

The method we use in all of the optimizations is a combination of Newton’s method and Linear Simplex method.
To study the dependence the optimization on the number of scatterers, we used the following procedure:

The scattering matrix will depend on the location of the scatterers x i inside the cavity, their orientation � i and driving
frequency !. More explicitly we can write the scattering matrix as S(x i ; � i ; !). We aim to study the dependence
of our figure of merits on the number of degrees of freedom, which would be the orientation � i of the scatterers.

Algorithm 2: Testing the Minimal Number of Degrees of Freedom in a Chaotic Cavity

Input: Maximum number of degrees of freedom D max , number of generated ensembles Nens , number of
initialization points for local minima N int , cut-off frequency f c

Output: Average figure of merit (FOM) over ensembles
for d � D max do

while i � N ens do
/* Initialize */
Choose d arbitrary locations for the scatterers;
Choose a random frequency f 2 [0:96f c; 0:98f c];
Relabel the ports;

/* Local search using Quasi-Newton Algorithm */
while j � N int = 5d do

Use Newton’s method to find local minima;

Find the the best (smallest) minimum over all initializations j;
/* Refine */
Use Simplex search method with initial point given by the minimum over j

/* Post processing */
Average the FOM over the ensembles

S10. FULL WAVE SIMULATION OF THE CHAOTIC CAVITY

The 2D chaotic cavity used in the main text is a D-shaped structure with R = 5:75� c, where � c = c0=f c denotes
the wavelength corresponding to the cutoff frequency and c0 is the speed of light in vacuum. The cavity is truncated



26

from a circular disk by a straight cut at a distance d = R=2 from the center and is connected to a few single mode
waveguides along this cut. Inside the cavity, the scatterers consist of elliptical disks with major and minor semi-axes of
0:75� c 0:5� c, respectively. All the boundaries are perfectly conducting. Simulations were performed using COMSOL
Multiphysics.
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