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Abstract: The Kramers-Kronig relations and various oscillator strength sum rules represent
strong constraints on the physical response of materials. In this work, taking inspiration from the
well-established equivalence between f-sum rules and Thomas-Reiche-Kuhn sum rules in linear
optics, we explore the connection between causality-based and quantum-mechanics-based sum
rules in the context of nonlinear optical processes. Specifically, by considering the sum-over-states
expression for the second harmonic generation susceptibility, we deduce a new representation basis
for the imaginary part of this susceptibility and we use it to derive, from causality-based integral
sum rules, a new set of discrete sum rules that the transition dipole moments must satisfy. As in
the case of the Thomas-Reiche-Kuhn sum rules, we also show that these results can alternatively
be derived through an independent quantum mechanical analysis. Finally, we consider the
implications of the derived sum rules for the second-harmonic-generation susceptibility of two-
and three-level systems and, more broadly, we discuss the possible significance and challenges of
using these results for the goal of identifying fundamental limits to the response of nonlinear
optical materials.

© 2025 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Any physical response must satisfy the principle of causality [1]. In linear optics, this principle
dictates that the electric susceptibility of a material, y"(w), is holomorphic in the upper half
of the complex w—plane, where w is the angular frequency of the electromagnetic excitation.
As a result of this property, and assuming the susceptibility is sufficiently well-behaved (square
integrable), Re{ y'"(w)} and Im{ y"(w)} are connected through integral relations known as the
Kramers-Kronig relation [2]. However, causality does not always lead to analyticity in nonlinear
optics, as seen for example in the nonlinear process of self-induced change in refractive index
[3.4].

Nevertheless, Kramers-Kronig relations can be established for many nonlinear optical responses
of interest, including any process in which all input frequencies are fixed (corresponding to fixed
pump beams, e.g.), except one (the "probe" beam) [5]. For cases in which the input frequencies
are mutually dependent and varied at the same time, the Bassani-Scandolo theorem [6] gives
conditions under which Kramers-Kronig relations can be derived. This theorem relies on the
selection of a one-dimensional space embedded in the n-dimensional space of the interdependent
frequency variables. Notably, harmonic generation, of any order, satisfies the Bassani-Scandolo
theorem and Kramers-Kronig relations can be derived from the holomorphic properties of the
corresponding susceptibility [5].
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A prominent nonlinear process satisfying Kramers-Kronig relations is second-harmonic
generation (SHG), described by a second-order susceptibility y®(w, w), which results in the
doubling of the incident frequency of light. Dipoles of noncentrosymmetric materials can oscillate
under the action of the incident field as asymmetric anharmonic oscillators, radiating at 2w,
twice the incident frequency w, in addition to their usual radiation at w. This nonlinear process
is employed in high-power lasing at specific wavelengths, as well as various applications in
microscopy, ultra-short pulse measurement, and materials characterization [7-12]. Despite being
one of the most important processes in nonlinear optics, there is still limited understanding of the
fundamental constraints to harmonic generation in terms of either its resonance properties (e.g.,
optimal number and location of resonances) or the involved transition dipole moments. The most
important known constraint on transition dipole moments is the so-called Thomas-Reiche-Kuhn
(TRK) (or oscillator strength) sum rule [13]. While the TRK sum rule is discrete and derived
from quantum-mechanical arguments, it is equivalent to the causality-based integral f—sum
rule, which relates the integral of the imaginary part of the linear susceptibility, over the entire
electromagnetic spectrum, to the total electron density [5,14]. One can derive the TRK sum
rule from the f—sum rule by discretizing the integral through a physically motivated oscillator
representation of the linear susceptibility, as further discussed in Section (3) and in [15], where
the discretized causality-based sum rule was used to bound the linear optical response of any
transparent medium. The equivalence between these sum rules, derived from very different
arguments, is nontrivial and surprising, with important implications for the analysis and design
of new materials and metamaterials with extreme response [16].

In this work, considering the case of SHG, we explore a new connection between causality-
based integral sum rules and quantum-mechanics-based discrete sum rules, unveiling new
constraints on the transition dipole moments and various implications for the SHG process. This
is achieved by considering the Kramers-Kronig relations enforced by the principle of causality
for the SHG susceptibility, y®(w, w), in combination with a new representation basis for the
imaginary part of the susceptibility deduced from the perturbation solution to the Schrédinger
equation. The validity of the new set of discrete sum rules derived here is also confirmed by an
independent quantum mechanical analysis. As in the case of TRK and f—sum rules, two very
different approaches lead to identical results.

In the following, the Kramers-Kronig relations and associated integral sum rules for the SHG
susceptibility are briefly reviewed in Section (2). In Section (3), a new representation basis for the
imaginary part of the SHG susceptibility is established and used to derive new discrete sum rules
on the transition dipole moments. In Section (4), these sum rules are related to an independent
quantum mechanical analysis, further proving their validity. In Section (5), examples of two-level
and three-level systems are given, discussing various implications of the derived sum rules for
the SHG process in these systems. Finally, in Section (6) we summarize our results, discuss the
significance of our findings, and highlight a few open questions.

2. Kramers-Kronig relations and integral sum rules for Im { y'?(w, w)}

Scandolo and Bassani [17] presented an elegant proof showing that y?(w, w), w* ¥ (w, w), and
w* y®(w, w) are holomorphic in the upper half of the complex frequency plane and exhibit an
asymptotic high-frequency decay faster than w™!. As a result, several Kramers-Kronig relations
for the SHG susceptibility can be derived (for brevity, only the relations for the real part of
P (w, w) are shown here):

oo, 12m+1 2)(,.\ ’
2 w Im w',w
meRe {X(Z)(a)’ w)} — _/ jX ( )} dﬂ),, 6}
wJo w? - w?

where m = 0,1,2 and f indicates the principal value integral. In the same work [17], the
asymptotic behavior of the SHG susceptibility was also used to determine the following integral
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where N represents the electron density, e is the electron charge, m is the electron mass, V(x)
denotes the potential experienced by the electrons, and the averaging of the third derivative
in Eq. (4) is conducted over the ground state of the system. Interestingly, it is clear that the
imaginary part of y?(w, w) has to change sign along the electromagnetic spectrum in order
to satisfy Egs. (2)—(4). In contrast to the imaginary part of the linear susceptibility, however,
Im { Y (w, w)} does not directly correlate with optical absorption or gain. Instead, it denotes
a phase relationship between nonlinear polarization and applied fields, without necessarily
implying any time-averaged absorbed or gained power [18].

In addition to Egs. (1)~(4), Kramers-Kronig relations that calculate Im { y® (w, w)} from
Re { ¥?(w, w)} can also be obtained, and an extra set of sum rules for Re { y'?(w, w)} was also
established in [17]. These theoretical results have been used to assist in the analysis of experimental
data, facilitating the connection between the phase and amplitude of the susceptibilities [19,20],
and providing insight into the possible presence of additional contributions outside the measured
frequency range.

3. Basis for Im { y'?(w, w)} and new discrete sum rules

A perturbative solution to the Schrondiger equation gives the well-established sum-over-states
expression for the nonlinear SHG susceptibility [21,22]

Neé3 / X0nXnmX,

) _ OnXnmAm0

/\/ (0.), 0‘)) - T55 [ . . +
n? ;n: (Wno = 2w = 1yn)(Wmo — @ = 1Y)

&)

X0nXnmXm0 X0nXnmXm0
; ; + ; N s
(wWno + @ + iyn)(@mo + 20 +iym)  (Wno + @ + iyp) (Wm0 — W — iYm)

where x represents the position operator, x,,,, = {n|x|m) denotes its (n, m) element, X = x — xgoll
(i.e., x is the same as the position operator for its off-diagonal elements and the difference of the
position operator with xo for its diagonal elements), and the notation Y " indicates that the ground
state is excluded from the summation over the states, i.e., the summation is conducted solely over
the excited states. The energy level differences are given by E,,o = hw,o = A(w, —wp). As usually
done, since the dipole moment of the molecule is proportional to the position (i = —ex), we refer
to X, as the transition dipole moments and to x,,, as the dipole moment of the excited state. vy, is
a linewidth parameter (decay rate) that phenomenologically models various broadening/damping
mechanisms [4]. We assume that the system is initially in its ground state, denoted as |0).

Following [23], using fractional decomposition, one can then rewrite Eq. (5) in a more compact,
yet still general, form:

N o)

xPw,w)= > 1 :
n

(n)
0'2 ’
(Wno =W = yn)  (Wno = 2w — iyy) Py (W — W = iyyw)

+(w — -w)".

(6)
Here, n’ denotes doubly resonant conditions where either wy,y = wyo Or Wiy = Wy (NOte
that, if “0” denotes the ground state, the latter resonant condition would correspond to a negative
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transition frequency, and hence to an “antiresonance” that can only be induced in an active
system; however, our analysis will be limited to passive systems). (w — —w)" denotes the sum of
the negative-frequency and complex-conjugate functions as calculated from the first three terms
of (6). The coeflicients ai") and aé") are the nonlinear oscillator strengths associated with single-
and two-photon resonances at w, respectively, and czg"/) is the oscillator strength associated with
the specific condition of a double-resonance. These nonlinear oscillator strengths are given by

+ _ ’ ]]. +— _
(n) Z wm” 210 - X0mXmnXn0 + Z L < X0mXmnXn0, (7)
(Wmo — 2wn0) (Wmo + wWno)
2N e
n w FWno —
( ) = Z e X0nXnm Xm0 (®
(2wmo — wno)
w) _ Ne? , Né* )
@y 2h2 ILa),,m/:(,L),,/O)C()mxmn’xn’() - F]]-a),,,():—a),,/ox()mxmn/xn’()- )]

The algebraic manipulation giving Eq. (6) from Eq. (5) was initially introduced in [23], albeit
with the goal to study a single doubly resonant system (namely, with only one term for each
of the summations in (6)). Instead, here we are interested in how the general form of Eq. (6)
suggests a possible basis to discretize the integral sum rules discussed in Section (2). To this end,
in the limit of vanishing linewidth, by inspecting Eq. (6) one can deduce the following expression
for the imaginary part of the nonlinear susceptibility,

(n)
Im{X(z)(w, (,_))} = Z ’yli—l}(l)* (Re{ai")}fyn(w - a)n()) + { }fyn/Z(‘U wnO/ 2)
; (10)
+ Z y”hm (Re{a(” )}fy (w - wn'o))

p
W
2+ 2 >
Note that the 1/2 weight and the modified broadening y, / 2 of the Lorentzian associated with
two-photon resonances is in full agreement with the permutation symmetry of the nonlinear
susceptibility [4]. Additionally, it is easily found that lim,, ,0+f,, 5,/2(w) = 7é(w), (see, e.g.,
[24]) and lim,, o+f), (w) = 76’(w), where ¢ is the Dirac—¢ distribution and ¢” its frequency
derivative. One can then verify that substituting (10) into the Kramers-Kronig relation (1) yields
(6) for the case of v, = 0. We also note that, in writing Eq. (10), we made the assumption that only
the real part of the coefficients a/(") ;") and a(" ) enter this expression, essentially neglecting the
effect of the transition dipole moments phases on the imaginary part of the susceptibility. Rather
surprisingly, while this assumption is strictly valid only in the off-resonance case, w < wyg
(which is important, per se, in many ultrafast applications), it ultimately leads to sum rules that
are completely general, as proven by an independent quantum mechanical analysis in Section (4).
The considered expression for the imaginary part of the SHG susceptibility, in the limit of
vanishing linewidth, involves delta functions and their frequency derivative. Specifically, there
are two delta functions for each resonance frequency, wpo, corresponding to single-photon and
two-photon resonances, as well as the possible inclusion of the derivative of a delta function for
the doubly resonant case. This is intriguingly different from the linear case, where the imaginary
part of the linear susceptibility, in the limit of zero loss, can be expressed as a sum of only
delta functions [14]. In [15], this fact was used to derive a general representation for the linear
susceptibility by discretizing the Kramers-Kronig relation for the real part of y!) using delta
functions as localized basis functions for the imaginary part of y1). Since the coefficients of this
representation are proportional to the linear oscillator strengths, it was then possible to derive

where f,, (w) is the Lorentzian distribution: f,, (w) = and fy is its frequency derivative.
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an upper bound for Re { y('} by using the f—sum rule. While the same mathematical trick,
using a basis of delta functions, could be applied to discretize the nonlinear Kramers-Kronig
relation in Eq. (1) (any collocation methods with localized basis functions would work), this
would not give much insight, as the resulting coefficients of this representation would not be
directly relatable to the nonlinear oscillator strengths and transition dipole moments, in contrast
with the linear case. In fact, the general expression for the imaginary part of y®(w, w), given by
Eq. (10), suggests that a more natural choice for localized basis functions for y*(w, w) should
include both delta functions and their derivatives, such that the coefficients resulting from this
discretization would now be directly related to the nonlinear oscillator strengths, as shown by
Egs. (7),(8),(9). Most importantly, this approach can also yield new sum rules on the transition
dipole moments. Specifically, inserting the basis implied by Eq. (10) into the causality-based
integral sum rules in Egs. (2)—(4) yields a discretized version of these sum rules in terms of the
nonlinear oscillator strengths,

’ n Wp n ’ n
> (wnoRe{a(l N4 TORe{a;>}) - 3 "Refal"} = 0, (11)
n n
’ ), , “n0 (n) ’ ()
§ woRe{a("} + 1—"6Re{a2”} - § 3wl oRe{a;"} =0, (12)
5 3 3
2‘ 5 )y, “no (n) Z 4 w)y, €N [’V
4 (wnORe{al } + 6—2Re{a/2 } - 4 Swn,ORe{a/3 } = _W <W . . (13)

While passivity implies that the transition frequencies are positive, w;o>0, for all energy levels,
it does not constrain the real part of the nonlinear oscillator strengths Re{a} to take only positive
values, in contrast with the linear case where the oscillator strengths are always positive. If we
then combine Egs. (7)—(9) with (11)—(13) and after some algebraic manipulations, we obtain a
new set of discrete sum rules for the transition dipole moments:

Z / MRC{XOm)_Cmnan} =0, (14)

o Wno + Wpo

"0 Re{XomEmn¥n0} = 0, (15)

3 2 2 a3
Z oo+ 3w wo + 6wn0wm0 4w

Wpo + Wpo

n,m

5 4 32 2 3 4 _ 5 2 13
Z LW+ 3w w0 + 6w (w2 + 1207w + 24w wmo — 16w Re{tonbio) = 2h <6 V>
m-vmn-‘n -
0

Wo + Wno m3 \ 9x3

n,m
(16)
Although (14) is automatically fulfilled (all » = m terms are zero, whereas for n # m the
pairs (n, m) and (m, n) cancel each other), the second and third sum rules (15), (16) provide a set
of new constraints that the transition dipole moments must satisfy to be consistent, ultimately,
with the principle of causality, provided that our discretization approach is justified. In the next
section, we show that the new sum rules (15), (16) can, in fact, be derived from an independent
quantum mechanical analysis, confirming the deep connection between causality-based and
quantum-mechanics-based constraints also in the nonlinear optical case, and proving that our
proposed basis to represent the imaginary part of the susceptibility is a physically sensible choice
to discretize causality-based integral relations.

4. Independent quantum mechanical derivation

In this Section, we connect the derived sum rules, as established by the principle of causality
and the sum-over-states expression of the SHG susceptibility, with an independent quantum-
mechanical analysis. To this end, we employ generalized quantum mechanical sum rules, based
on the operator theory of quantum mechanics.
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4.1. Quantum mechanical analysis of sum rule (15)

Sum rule (15) can be alternatively obtained from the generalized Thomas-Reiche-Kuhn (TRK)
sum rules, which were derived for the calculation of fundamental limits to the off-resonance
nonlinear optical response [25-28] and were additionally used for predicting the frequency
dispersion of the hyperpolarizabilities spectrum [29] and, very recently, for the derivation of
fundamental bounds on resonant nonlinear optical responses in multi-quantum-well systems [30].
These generalized TRK sum rules can be written as

Z [wn - %(wl + wq)] XinXng = g_,z(slq’ )
n

where ¢, is the Kronecker delta function and Z is the number of electrons in the system. We
take ¢ = 0 and consider all possible values of / € Z*\{0} in (17). By multiplying both sides by
WnoXyo and summing over all n € Z*\{0}, we obtain

Z w 0x0nxnnxn0 + Z (dwnowp - 0 w[o)xOnxnlxl() =0. (18)
n,l#n
Summing (18) with its index-interchanged expression, and taking into account that x;; = xj’f‘i,
gives
w2 2
Z W2 XonEnnXno + Z (dwnowio — Wy — wjg)Re(XonXnixi0) = 0. (19)
n,l#n
Equation (19) is simply a rearrangement of (15), as it can be seen by separating the n = m

term from the other terms of the sum in (15).
4.2. Quantum mechanical analysis of sum rule (16)

The independent derivation of sum rule (16) is more involved. First, we consider the following

commutation relations between momentum and Hamiltonian: [p, H] = h‘g, [p,[p.H]] =

(- 171)2‘9 and [p, [p, [p, H]]] = (- zh)3 57 Where V(x) is the potential function of the system.

Addmonally, p,[p, [p, H]1] = -3plp, H]p.
Similar to [31], we consider a generalized sum rule:

Z (Ei = En) Olpl1){l|p|m){m|p|0)

l,m

= Z(OIPIIWI[H,p]|m>(m|p|0> 20)
Lm

= (0|p[H, plp|0).

2 . .
Then, since [x, H] = [x p—] = ﬁp, we have: (n|[x, H]||m) = xynEmn = %pnm. Hence, we get

> 2m
(Ol p:[p. [p, HITT10) = (=i (%¥) and
n* |9’V
—3<§>0 =3 ; W WI0WmORE (X0 X1 Xim0)- (2D

Our objective here is to demonstrate the equivalence between (16) and (21). To achieve this,
we perform the following algebraic manipulations to (16). The sum rule (16) can be expressed as:

22 |03V
W<W> =33 Ao+ 3 Bt 3 B 22)

where A,,,,, = (—15a)310 - 15w30 + 42wm0wn0 + 42w20wm0 - 24wr2nowﬁ0)Re(x0m5cm”xn0) and B, =
15w30x0,,)'cn,,xno.
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Again using similar algebraic manipulations as before, we take the TRK sum rules (17), for
g = 0 and all possible values of [ € Z*\{0} and multiply both sides by wfloxno. We denote
Cp = —15w’310(w10 + win)Re(xorXinXno), 80 that By, = 3., Cin. Then (22) becomes:

21493
%<687‘3/>0 = %nmzin/(Amn + Cmn + Cnm)a (23)
where each of the summed terms of (23) can be simplified to A, + Cupp + Cpy = 12a)n0wm0w,21m
Re(xonXnmXmo)- The equivalence of (21) with (23) is then clear.

Rather strikingly, these results show that, just as in the linear case for the standard TRK sum
rule, these new sum rules can be derived independently from either a quantum mechanical
analysis or from causality considerations combined with a suitable discretization of the relevant
integrals to connect the discretization coefficients to the transition dipole moments (10). We
stress that, although the integral sum rules have been derived from the causality properties of
the SHG susceptibility, their discrete form in terms of transition dipole moments, which rely on
generic quantum mechanical operator theory [see Egs. (17) and (21)], is general and not limited
to any specific nonlinear process. Some intriguing consequences of these sum rules are discussed
next.

5. Examples
5.1. Two-level approximation

It is often convenient to approximate the nonlinear response of a material using a two-level
system [4]. In this case, the system can be described in its simplest form as having only two
levels: a ground state and an excited state. Despite its simplicity, this model has proven valuable
for understanding susceptibility trends in many-level systems [22]. In a many-level system, the
transition dipole moment to the first excited state can reach its maximum value when transitions
to all states beyond the first excited state are zero, per Eq. (17) (when p and ¢ are both zero,
the sum rule yields: Ixi0l? = %Z -2 Z)”]’g |xn0/%, which is maximized when the second
term on the right-hand-side is zero ). However, this does not necessarily imply that a two-level
system exhibits the strongest possible nonlinear response compared to higher-level systems, as
the nonlinear oscillator strengths are not simply proportional to Ixn0]? [see Egs. (7)—(9)] and are
not constrained by sign restrictions.

Under the two-level approximation and assuming negligible linewidth/damping, the SHG
susceptibility is given by [22]

- 2
3Neé wiox1ilxiol

(2 —
X w,w) = :
h (0l — W)Wl - 4w?)

(24)

Interestingly, using the sum rule (16), we can relate the transition dipole moments to the

— 2 3
expected value of the third derivative of the potential function: x11|x10|2 =7 ngw <%> .
10 0

This allows us to determine a new expression for the SHG susceptibility within the two-level
approximation:

XP(w,w) =

3 3
2Ne <6 V> 1 25)

Smiwl, \ 03 [ (2, — w?)(w?, — 4w?)
This model suggests an interesting scaling law with respect to the transition frequency that
is not immediately evident in an expression like Eq. (24) due to the dependence of the dipole

moments on the transition frequencies. In the low-frequency limit, far from resonance, the
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susceptibility scales very rapidly with respect to the transition frequency, x?(0,0) o w1_06' We
note however that, while the two-level approximation can be a useful simplification, such a
model for the nonlinear susceptibility does not have the correct high-frequency asymptotic
behavior and does not satisfy all the relevant Kramers-Kronig relations and sum rules; therefore,
it cannot rigorously represent a causal SHG susceptibility and cannot be used to derive universal
physical bounds and general scaling laws. Specifically, the sum rule (15) is not satisfied, and the
high-frequency asymptotic behavior follows ~ w™, whereas the expected, physical asymptotic
behavior for the SHG susceptibility should be ~ w6 [5,17].

5.2.  Doubly resonant three-level system

A three-level system is the simplest model for which the SHG susceptibility can fully satisfy the
relevant Kramers-Kronig relations, and therefore causality. In a scenario where the levels are
equally spaced, resulting in resonance frequencies wig and wyg = 2wy, the TRK sum rules (17)
give: Xpp = 0 and x91X1; = —3x02x21. The nonlinear oscillator strength at woy is therefore zero,
and the susceptibility doesn’t present a resonance at this frequency. If the transition frequencies
are positive (e.g., in a passive system), one can then identify two possible resonant conditions:
one when the applied field frequency coincides with the first transition frequency w = wjo,
leading to a double-resonance, as depicted in Fig. 1(a), and a second one when w = wjp/2,
corresponding to a two-photon resonance, as depicted in Fig. 1(b). A plot of the absolute value of
the imaginary part of the SHG susceptibility for a doubly resonant three-level system is depicted
in Fig. 1(c). This consists of two Lorentzian functions at the transition frequency, wi, and at half
this frequency, wyo/2, as well as the derivative of a Lorentzian function at wg, corresponding to
the double resonance phenomenon, consistent with our discussion in Section 3.

(a) 12) (b) 12)
w1o
|1) 1)
w1 2w19 a’log w1o
w
10) B 10)
(c)
)
3| ]
=
E L ,
w10/2 w1g

Frequency, w

Fig. 1. (a) Schematic representation of level transitions related to the double-resonance
at w = wyg. (b) Schematic representation of level transitions related to the two-photon
resonance at w = wjg/2. (c) Absolute value of the imaginary part of the second-harmonic-
generation susceptibility for a doubly resonant three—level system.
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For a doubly resonant three-level system with vanishing linewidth, the SHG susceptibility
given by Eq. (6) can then be simplified to:

ay an a3
YP(w,w) = + + S+ (w > —w), (26)
wp-w wo-20 (v -w)
_ _ Né® lxo P11, Ned xoixiaxao _ 2NE ol PRy | 2Ne xoixioxa _ Né
where a1 = 2R w0 32T wio T R2 wp 3R wio and a3 = 252 ¥02%21X10-

One can then use the sum rule (16) to obtain: |xg; |25m =

2 3
0 2mh3w4 <%> . The SHG susceptibility can then be written in terms of the linear susceptibility
10 0

for a single Lorentzian resonance, X(l)(w), as first shown in [23],

R 3V _
ot <—0X3 >0 and xp2x21x10 =

KPw.w) =~

v
6x3 0

= —WX(I)(QM)X(D(W)X(I)(M),

Né? <a3v 1

3 3 > 2
2m? \ 0x° [ (¢ ,%0 — W) (¢ %0 — 4w?)
27

which provides an analytical expression for the empirical relation between nonlinear and
linear susceptibilities known as Miller’s rule [32] and also gives a specific definition for the
proportionality constant (Miller’s constant). The derived Miller’s constant is consistent with
findings from the anharmonic oscillator model, where the expected value of the third derivative
of the potential at the ground level is substituted by the third derivative of the potential at
the equilibrium position of a simple oscillator model [33]. We stress, however, that Miller’s
rule, which can be derived rigorously for a three-level system as shown here, can only provide
approximate and qualitative predictions for more complex molecules and solid-state materials,
since realistic materials involve more than three levels. Nevertheless, Eq. (27) is expected to be
approximately valid far from the transition frequencies, for example in the low-frequency regime,
where it predicts the same scaling law as the two-level model, y*(0,0) o wl’g. In particular, if we
compare (25) with (27), the two-level system approximates well the predictions of the three-level

system in the low-frequency limit w — 0: | )(ézz level / )(ézz level| = 4/5. Figure 2 shows the

absolute value of the susceptibilities calculated using Eqs. (25) and (27), both normalized in the
same way. The three-level formula (27) predicts a stronger nonlinear response almost everywhere,
especially near the double resonance at w = w19, where the two-level model only predicts a
single resonance. In general, the strongest SHG nonlinearity occurs in this doubly resonant
scenario, with a clear trade-off between strength of nonlinearity and dispersion/bandwidth,
which is similar to the linear case [15], but with this tradeoff explicitly dependent on the spatial
derivatives of the potential function in addition to the electron density. Fig. 2(b) also shows
that the two-level formula (25) exhibits a stronger nonlinear response in the high-frequency
limit (w — o0). However, this result is physically incorrect, as it violates the expected, physical
asymptotic behavior of the SHG susceptibility [5] and the relevant sum rules, as mentioned
above.

One may also wonder whether the derived expressions, constrained by the derived sum rules,
may allow establishing fundamental limits on the second-order susceptibilities of three-level
systems, perhaps improving upon existing bounds [25-27], and accounting for the tradeoffs
with dispersion and bandwidth mentioned above, as done in [15] for the linear susceptibility.
However, as is clear from Eq. (27), bounding the nonlinear susceptibility would reduce to the
challenging task of determining limitations to the expected value of the third derivative of the
potential at the ground state. Moreover, it is hard in general to account for passivity constraints
due to the non-positivity of the nonlinear oscillator strengths in the considered representation.
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Fig. 2. Absolute value of the SHG susceptibility in logarithmic scale for two-level and
three-level systems calculated using Egs. (25) and (27), in the (a) low-frequency and near-
resonance regime and (b) high-frequency regime. Both formulas predict resonances at
w = wyg and w = w(/2 (although the two-level system does not predict a double-resonance).
The three-level system results in stronger nonlinear response near-resonance and in the
low-frequency limit, while the two-level system results in stronger nonlinear response in the
high-frequency limit (such result is, however, physically incorrect, as discussed in the main
text).

For example, in the case considered above, the nonlinear oscillator strengths can be explicitly

_ 1. 8N [dv _ _4 &N [V _ 1 _éN [dv
found as a1 = 35 o, <_ax3 >0, @ =—3 s \aw ), and a3 = 5; il \ a5 )y Clearly, these

oscillator strengths do not have the same sign and, therefore, the imaginary part of the SHG
susceptibility may take both positive and negative values throughout the frequency spectrum,
consistent with (2) and (3), without necessarily violating passivity.

We recently used a different approach to obtain fundamental limits to the resonant second/third-
order susceptibilities of three/four-level systems, albeit without accounting for bandwidth/dispersion,
using only the generalized TRK sum rules (17), which automatically encode passivity restrictions,
but no bandwidth information [30]. Moreover, we note that the derivation of fundamental limits
and scaling laws for higher-level systems will possibly require additional sum rules due to the
increasing number of unknown nonlinear oscillator strengths. Specifically, such an analysis
would necessitate sum rules that are orthogonal to the generalized TRK sum rules (17) and the
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newly established SHG sum rule (16) (whereas (15) is dependent on the generalized TRK sum
rules (17) as we showed in Section 4).

6. Discussion

In this paper, we have established a new “theoretical bridge” between causality-based integral sum
rules for the second harmonic generation susceptibility and quantum-mechanics-based discrete
sum rules that relate energy levels to transition dipole moments, the latter being valid for any linear
and nonlinear optical materials. This connection is analogous to the well-established equivalence
between the integral f—sum rule for the linear susceptibility and the Thomas-Reiche-Kuhn sum
rule [5], with our theoretical results highlighting how this equivalence between causality-based
and quantum-mechanics-based sum rules encompass also nonlinear optical phenomena.

The new set of sum rules presented here—derived both through a physically motivated dis-
cretization of the integral sum rules and from an independent quantum mechanical analysis—hold
promise for validating measurements, theoretical models, and numerical simulations, as they
provide strong constraints for the transition dipole moments and, hence, for the linear and nonlin-
ear optical response of materials. Moreover, they may offer insights into the second-harmonic
generation process across a range of scenarios, spanning from the characterization of molecular
nonlinear susceptibilities and hyperpolarizabilities to the investigation of the optical responses of
multi-quantum wells.

Looking ahead, we believe that an extension of our current analysis to third-order (and
higher-order) harmonic generation susceptibilities is feasible, offering valuable insights into these
important nonlinear optical processes and potentially unveiling new sum rules for the transition
dipole moments. Moreover, an important question is whether the sum rules established in this
work could be combined with other constraints to derive physically tight bounds on harmonic
generation and, more generally, on the nonlinear optical response of systems with more than three
levels (while in the linear case, the simplest causal system, namely, a single Lorentzian oscillator,
saturating the total oscillator strength implied by the TRK sum rule, is optimal for maximizing
the linear susceptibility [15], there is no guarantee that a three-level system maximizes the
second-order susceptibility in all scenarios).

Another interesting question is whether the developed basis for the imaginary part of the
harmonic generation susceptibility, connecting the coefficients resulting from the discretization
of causality-based integral relations to nonlinear oscillator strengths, could be used to develop
a causality-based electromagnetic scattering theory similar to [34] but focused on nonlinear
harmonic generation processes. This approach could establish a scattering representation
that inherently incorporates causality, and therefore bandwidth and dispersion properties,
potentially revealing significant constraints in the mathematical structure and physical behavior
of harmonically generated scattered fields.
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