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To couple many independent modes from free space to on chip, the key challenge is not enhanc-
ing the many necessary coupling rates (scattering-matrix elements) between targeted mode pairs.
Instead, the key is to avoid additional cross-couplings to undesired modes, due to the presence of
multiple simultaneously satis ed phase-matching conditions. With this principle, we identify scal-
ing laws for the maximum number of high-e ciency multi-mode couplings that may be achievable
for a given refractive index and design region, which are strongly supported by extensive numerical
inverse-design experiments in 2D (one-dimensional coupler patterns, scattering in 2D). For such cou-
plers, typical mode counts of 5{10 appear achievable. Three-dimensional couplers (patterned across
two dimensions) can be markedly better, with tens of Fourier components in a single-layer device
0 ering the possibility of high-e ciency coupling of hundreds to thousands of modes in relatively
compact form factors. Numerical simulations of such a device, without any parameter optimization,
predict e ciencies on the order of 5% for 100 modes ] a collective order-of-magnitude improvement

over previous designs.

I. INTRODUCTION

In this paper, we design many-mode grating couplers,
for coupling tens to hundreds or thousands of free-space
waves to waveguide modes, and develop theoretical prin-
ciples for enumerating how many independent, high-
e ciency couplings should be achievable, for a given
coupler area, refractive index, and number of layers.
Whereas previous computations and experiments exhibit
reduced e ciencies when coupling multiple modes, and
especially at large mode counts [1, 2], we show theoreti-
cally that many-mode, high-e ciency couplers should be
possible. The central hurdle to overcome is undesired
cross-couplings between input and output modes, which
can spoil high average e ciencies. We identify these hur-
dles, approaches to circumvent them, and consequent
multi-functional scaling laws in \2D" grating couplers
(translation-invariant along a third dimension). The re-
fractive index and number of designable layers are the key
levers for high-e ciency, many-mode coupling. Inverse
design [3{6] enables extensive numerical tests probing the
maximum number of achievable high-e ciency couplings,
whose linear scaling matches our theoretical predictions.
For typical optical-frequency refractive indices, few-layer
devices with high e ciencies for ve or ten modes should
be possible. In 3D, the situation is considerably im-
proved: the azimuthal degree of freedom increases by an
order of magnitude the number of achievable couplings.
We design a single-layer, 100 100 device that can
couple more than 150 independent modes excited from
a ber into the fundamental TE mode (propagating in
various directions) in a slab waveguide. Unable to sim-
ulate the large coupler sizes ( 10;000 2 areas for 3D
structures), we design the coupler in the single-scattering
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Figure 1. (a,b) Schematics of multifunctional grating cou-
plers, coupling multiple incoming waves (launched in free
space or via ber), in (a) 2D or (b) 3D. The free-space
waves have parallel wavenumbers kin(?), coupled to waveg-
uide modes with propagation constants (!). We dis-
tinguish between \trivial" couplings, in which special sets
of input/output wavenumbers satisfy a single momentum-
matching condition, as depicted in (c), versus generic, \non-
trivial™ couplings in which each target input/output pair has
a di erent momentum-matching condition.

limit, intentionally restricting its coupling e ciencies to
2{10% where the single-scattering approximation is ac-
curate. Demonstrating coupling of 150 modes at 2{10%
e ciency would already represent an order-of-magnitude
improvement over current state-of-the-art [1, 2, 7], but
by preventing cross-talk in these devices, we expect that
they will be scalable to high e ciencies while retaining
high (100+) mode count. To demonstrate that our theory
is predictive beyond the single-scattering approximation,
we perform full-wave simulations of a smaller 20 20

coupler, demonstrating coupling e ciencies above 4% for
approximately 100 modes. Many-mode grating couplers
should open new capabilities for high-precision metrol-
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ogy [8], optical computing [9, 10], photonic intercon-
nects [11], telecommunications [12], and more.

Grating couplers o er an interface from propagating
free-space or ber-optic waves to guided modes in inte-
grated photonics [13, 14]. Design principles of single-
function grating couplers are well understood, starting
from classic theory of purely periodic gratings based on
phase matching and perturbation theory [15{17], to more
recent coupled mode theory of resonant gratings [18{23],
band structure analysis [24{27] and apodization [28{30].
Computational optimization has been used extensively
to design couplers with smaller footprints [1, 31{35] and
larger bandwidths [36{38], often guided by theoretical in-
sights to achieve high coupling e ciencies. Overall, state-
of-the-art single-function grating couplers have coupling
e ciencies approaching unity [39{41], although the last
20{30% of e ciency may require increased fabrication
complexity, including back mirrors or multi-layer designs.

Design principles of multifunctional grating couplers
are signi cantly less explored. Computational inverse
design has been used to demonstrate two-frequency [1,
42, 43] or two-polarization [44, 45] grating couplers with
high e ciencies (= 50%). A four-frequency coupler was
demonstrated in [46] by phase-matching the four bands
of the resonant grating, creating what we call a \trivial"
coupling scenario (cf. Fig. 1(c)) because a single spatial
Fourier component can nominally enable all four cou-
plings. (The term \trivial" is not a criticism; nding cre-
ative ways to enable applications of interest via \trivial"
couplings may in many cases yield the greatest number of
mode couplings. But trivial couplings lack exibility in
frequency and wavevectors selection and hence are spe-
cial, \accidental" cases, especially in 2D, i.e., for conven-
tional devices primarily patterned across one dimension.)
Designs exploiting similar trivial couplings at a single fre-
quency, shown in Fig. 1(c) in the center, based on the
analysis of the ber mode pro les [47{50] and employing
grating coupler arrays [7, 51{53] enabled single-frequency
coupling of up to ten ber modes onto a waveguide, with
experimental e ciencies of 1-15%, well below the few-
mode designs. A recent experimental work reported cou-
pling a large subset of 2000 modes, with a reported av-
erage e ciency of 0.04% [2]. Beyond the general lack of
theoretical principles for high-e ciency, many-mode cou-
plers, the literature also makes it appear plausible that
coupling e ciencies must decrease as mode counts in-
crease. In this paper, we aim to counteract this notion
and lay out the principles for achieving high e ciencies
(ultimately > 50%) even as mode counts scale into the
hundreds, thousands, or beyond.

I1l. GENERAL THEORY AND 2D EXAMPLES

Design principles for single-function grating cou-
plers originate with two essential techniques: phase-
matching [16] and apodization [28]. Phase-matching pre-
scribes that if the grating coupler is to couple an incident

free-space wave peaked at wavevector k' to a waveg-
uide mode with wavevector , the grating coupler de-
sign pattern should peak at a spatial Fourier compo-
nent q = k '™ to ensure momentum conservation.
(Throughout, every wavevector variable refers only to its
component parallel to the grating surface and substrate.)
Apodization refers to an additional slowly varying en-
velope that ensures e cient coupling to input/output
beams of nite size (e.g., a Gaussian beam) [28{30].

Consider a scenario in which one wants to couple free-
space waves with (parallel) wavevectors k; to waveg-
uide modes with wavevectors , at frequencies !;, with
i = 1;:::;N¢ for N targeted couplings. (We consider
only reciprocal systems, for which outcoupling e ciencies
are identical to incoupling e ciencies.) The incoming
waves interact with the scatterer’s susceptibility (1),
which is the di erence between its permittivity and that
of free space. Per phase matching, the Fourier compo-
nents of the coupler’s susceptibility pattern must include
all di erences in the targeted free-space and waveguide
wavevectors, q; = k; i

dsin()=Re  Cie' : 6]

i=1
where comprises the surface-parallel position coordi-
nates. The rst Fourier component, g1, enables cou-
pling k1 to 1, and so on. Fourier components beyond

these will also be present, to account for apodization,
multiple-scattering e ects, and fabrication constraints.
Phase matching is the critical enabling factor for achiev-
ing moderate to high e encies, while apodization and
multiple-scattering e ects take over in pushing to the ef-
ciency limits (e.g., 80% and beyond). Throughout, we
prioritize the enabling phase-matching conditions, and
leverage numerical optimization for the additional fac-
tors when feasible.

The key challenge of multi-mode coupling is that the
many spatial Fourier components of Eq. 1 not only enable
the desired couplings, but also create undesired \cross"
couplings. Consider a two-mode coupler in which one
couples k; to 1 via q; and k, to , via 2. The in-
coming wave with k; will interact with g, (scattering to
ki q2), and similarly q; creates couplings to k, Q.
Fig. 2(a) shows a scenario in which the latter couplings,
ko, i, occur to propagating modes in the light cone
(\continuum," green). If the new wavevenumbers k, Q1
correspond to propagating modes, a substantial fraction
of incoming energy can be redirected to them (e.g., via
di ractive re ection), with a corresponding loss of e -
ciency to the desired mode.

Perhaps surprisingly, the reciprocal scenario can intro-
duce additional undesired couplings. Consider the recip-
rocal to the scenario just described, now with waveguide
mode launched and coupled to free-space wave k. The
presence of multiple spatial Fourier coe cents can cre-
ate undesired transitions from the waveguide mode to
other free-space waves, as shown in Fig. 2(b). (There



Figure 2. (a) Grating-coupler Fourier components g; and gz
can create the desired couplings from incoming waves with
parallel wavevector k to the fundamental guided mode, at
both !; and !,. But they will also create undesired cou-
plings to free-space modes at k q 1 that make it di cult
to achieve high-e ciency in-coupling. (b) Similarly, unde-
sired out-couplings (from waveguide to free-space modes) can
spoil high out-coupling e ciencies; by reciprocity, they spoil
in-coupling e ciencies as well. (a,b) Undesired in-couplings
(out-couplings) can be avoided at smaller (larger) frequency
separations, creating a fundamental tension that is di cult
to circumvent.

is a nomenclature subtlety in this discussion: reciprocal
scenarios for incoming and outgoing ports require use of
their time-reversed counterparts, e.g.  and k for the
excitations in Fig. 2(b). But we do not want to ip the
dispersion diagram and hence do not include the negative
signs in our labeling, retaining throughout the incoming-
from-free-space convention. Alternatively, one can sim-
ply imagine inverting the in-plane axs directions.) If the
outgoing coupling e ciency is reduced by these undesired
transitions, then, by reciprocity, the incoming e ciency
equivalently su ers. Without mechanisms to control out-
going power for the undesired couplings (and we nd that
even every-pixel-degree-of-freedom inverse design strug-
gles without the approaches mentioned below), the inci-
dent power will generically distribute across the desired
and undesired channels equally, reducing the e ciency of
the device. We propose three approaches for avoiding or
inhibiting the undesired couplings.

Approach 1: leverage \trivial" functionalities, such as
those shown in Fig. 1(c), which only require a single
Fourier component. As discussed above, this has been
utilized in 2D in [46]. In 2D, this approach imposes tight
restrictions on the allowed incident modes and frequen-
cies but, as we show below, in 3D, trivial couplings arise
naturally in many coupling scenarios of interest, which
should enable high-e ciency coupling of many modes.

Approach 2: ensure that the undesired couplings are
pushed outside the free-space radiation continuum (green
cone in Fig. 1, Fig. 2, Fig. 3), so that they do not con-

Figure 3. Maximum number of frequencies that can be cou-
pled while avoiding undesired transitions by a single-layer
grating coupler, as a function of waveguide refractive in-
dex ncore. Larger refractive index increases the slope of the
waveguide modes, increasing the separation between neces-
sary Fourier components and pushing undesired transitions
outside the light cone, as depicted in the insets.

tribute to energy loss. (\Accidental" couplings outside
the continuum to waveguide modes are su ciently rare
that they can be ignored.) This depends primarily on the
separation between the coupling frequencies, as shown in
the inset of Fig. 3. Larger frequency separations between
two frequencies !; and !, can prohibit undesired cou-
plings at 1, though too large of a separation will create
undesired couplings at ',. There is therefore, given a
frequency !4, a frequency range [13""; 1] where an-
other frequency !, may lie to avoid undesired couplings.
There is also therefore a corresponding maximal set of
frequencies 1;;:::; 1, such that each pair of frequencies
I;; I; lay within the allowed frequency ranges of each
other.

The size of this maximal set can be uniquely deter-
mined, given a starting frequency !, by solving the in-
equalities that express the conditions for undesired cou-
plings to stay outside the continuum, as equalities in their
limiting cases. Two examples of such sets are shown in
the insets of Fig. 3. The main parameter controlling the
maximum number of frequencies that can be coupled this
way is the refractive index ngore, Which determines the
\separation dispersion" between the waveguide modes
and the continuum modes in the band diagram. The
greater the refractive index, the greater the separation
dispersion and the more room there is for pushing un-
desired couplings outside the continuum. By performing
an exhaustive sweep over I; and k, and by nding the
maximal set 1,;:::; 1, for each pair (11;k), a maximum
number of frequencies for a given core refractive index,



Figure 4. Computational inverse design of (a) 4-frequency, (b) 8-frequency, and (c) 2-frequency, 2-wavevector multifunctional
grating couplers, coupling free-space Gaussian beams to modes of a SiN slab waveguide. Designs are divided into layers, with
translational invariance in the vertical direction imposed within each layer. Varying the number of layers and total design
thickness reveals scaling laws (red coe cients) consistent with our theoretical predictions. Optimized designs and their eld
patterns are shown for each coupling scenario in (d), (¢), and (f), respectively. Additional binarization constraints were imposed
in (c,f), showing little performance penalty compared to the grayscale designs.

Neore, Can be found. Further details of this calculation
may be found in the SM. As shown in Fig. 3, for realistic
materials with refractive indices up to Ncore 4, only
up to 5 frequencies may be coupled using this approach.
Combining approaches 1 and 2 may allow one to couple
more modes, though then the possible frequencies and
wavevectors may be further restricted to satisfy the re-
quirements of approach 1. To enable more functions or
more frequency/wavenumber freedom, multilayer designs
appear necessary.

Approach 3: use multilayer designs to force undesired
coupling rates near zero through destructive interference
e ects. It is already understood that a relative shift be-
tween two layers can cancel unwanted downward radia-
tion [39]. More generally, multiple layers with appropri-
ately shifted Fourier components can cancel the larger set
of unwanted couplings that arise in many-mode couplers.
Suppose each layer of a multilayer design has a suscepti-
bility pattern following Eg. 1, with Fourier components
g; common to all layers but the coe cients C; allowed
to vary from layer to layer:

Iayer() = Re Cilayereiqi : (2)
[

such that the total number of (complex-valued) des-
ignable degrees of freedom in a multilayer design is:

Ndof — Nlayers N9 = Nlayers Nfun; (3)

where N™U" is the number of target functions, which for
generic non-trivial couplings equals the number of Fourier
components N9 (cf. SM).

These designable degrees of freedom must be used to
tune the undesired coupling rates to zero while keep-
ing desired coupling rates high, resulting generically in a
number of constraints equal to double the squared num-
ber of functions (cf. SM):

Nconstraints — 2(Nfun)2: (4)

From Eqgs. 3-4, we conclude that performing N " target
functions requires at least twice as many layers:

N layers 2N fun: (5)

We complement our theory with computational inverse
design of multifunctional couplers coupling multiple free-
space Gaussian beams to modes of a slab waveguide in
2D, as shown in Fig. 4 (translational invariance assumed
in the transverse direction). We consider three coupling
scenarios: (1) coupling four input beams at four di erent
frequencies, Fig. 4 (a); (2) eight beams at eight frequen-
cies, Fig. 4 (c); and (3) beams at two di erent frequencies
with two di erent wavevectors, with a total of four beams
coupled, Fig. 4 (e). For each scenario, we introduce a
designable region where the permittivity is allowed to
vary continuously between the permittivity of free-space

free = 1 and that of silicon nitride SN = 4, with unpat-
terned SiN slab waveguide regions adjacent to the left



and right of the design region, and implement adjoint-
based topology optimization [3{6] to maximize the power
coupled into the fundamental mode of the waveguide.
We also subdivide the design region into \layers", with
translational invariance along the vertical direction im-
posed within each layer. Electromagnetic simulations are
performed using a volume integral equation method ac-
celerated by a fast direct solver [54]. Gradients are com-
puted via the adjoint method, and the structure is opti-
mized using the method of moving asymptotes [55, 56].
The design variables are initialized with random values
across the design region, and each optimization is run for
1000 iterations until convergence. Each gradient-based
optimization was restarted 10 times with di erent ini-
tial random seeds, with low-quality optima discarded.
Codes reproducing the nal designs shown in Fig. 4 can
be found in a Github repository listed at the end of the
manuscript [57].

By varying the thicknesses and numbers of designable
layers of the coupler, we nd two scaling laws. First, the
thickness of designs achieving above 90% e ciency scales
linearly with the number of functions, with the minimum
thickness given by t"9 Nf“”W. Intuitively, each in-

crement of approximately s in thickness e ectively
enables one additional function. Similarly, the minimum
number of layers required to surpass 90% coupling e -
ciency appears to scale exactly with the number of target
functions N'&ers  Nfun ‘which agrees within a factor of
2 with our prediction of Eg. 5. We associate this addi-
tional factor of 2 improvement with the improved unidi-
rectionality of non-perturbative designs, whereby using
only N™U" Jayers the non-perturbative couplers are able
to both perfectly cancel downward radiation and at the
same time control upward coupling rates. This is a known
e ect in the theory of resonant gratings, where perfect
unidirectional coupling may not require two parameters,
as predicted by Eq. 5, and instead can be achieved by
varying a single parameter of the grating [58]. To our
knowledge, the designs in Fig. 4 exhibit the largest num-
ber of independent couplings for high-e ciency gratings
to date. And yet, the notion of using 8 patterned lay-
ers for 8 high-e ciency couplings is likely untenable. In
the next section, we show that 3D potentially unlocks
coupling many more modes, even with single-layer pat-
terning, without introducing undesired couplings.

1. MANY-MODE 3D COUPLERS

In 3D, many more modes can be coupled with a single-
layer grating coupler than in 2D. The reason may be seen
from Fig. 5, where we consider a common scenario of cou-
pling free-space plane waves (both s- and p-polarized),
within some xed numerical aperture (NA), to the fun-
damental TE modes propagating in any direction within
a slab waveguide. As shown in Fig. 5(d), even a de-
sign with a single Fourier component (shown in pink)
may create many desired couplings (shown in light blue),

as opposed to the 2D equivalent, which results in only
a single coupling. This phenomenon is analogous to
the \trivial" couplings discussed in the 2D case above
(see Fig. 1), whereby a single Fourier component enables
multiple equivalent-phase-matching couplings. Exploit-
ing trivial couplings is highly bene cial for coupling to
many modes. One can then superimpose the avoided-
cross-couplings principle to maximize the total mode cou-
pling count for a single-layer design.

To estimate mode-coupling counts in 3D, by analogy
with the 2D theory, consider a design permittivity of the
form Eq. 1, where the Fourier wavevectors g, now have
two in-plane components. As shown in Fig. 5 (b), the
presence of two Fourier components g1; g, may result in
undesired couplings, similar to the 2D case. In 3D, this
happens if the angle between the two Fourier compo-
nents is too small. As shown in Fig. 5(c), we nd that in-
creasing the angular separation between coupled in-plane
modes can push undesired couplings outside the contin-
uum. The minimum angular separation ™" is deter-
mined by the e ective refractive index of the waveguide
modes ni4 and the numerical aperture of the free-space
modes NA, for which we derive a simple expression (cf.
SM). The maximum possible number of Fourier compo-

nents is then the number of multiples of ™" that can
t within 2 , given by:
N 2 z ; 6
sin * L +sin TN ©)
wg wg

where the bracketed operator denotes the integer oor.
For realistic values of NA = 0:1 and nf, = 3:1, up
to N9 = 16 may be introduced. Each Fourier compo-
nent allows the \trivial" coupling of a line of Ntrivial /
NA (kLcouplery free-space modes, as shown in Fig. 5(d).
The total number of modes coupled by N9 Fourier com-
ponents is then:

Nggﬁz;lled/Nq Ntrivial / N9 NA (kLcoupIer): (7)
Note that N9 is in turn determined by NA and nj, via
Eqg. 6.

We will now show that a 100 100 design should
enable coupling over Ni9%\., > 150 modes, even for NA
of only 0.1. Computational inverse design on 3D struc-
tures with such lateral dimensions, for hundreds of target
incident modes, is a formidable computational task be-
yond current photonic simulation tools. Instead, for a
proof-of-principle demonstration, we develop perturba-
tive single-scattering designs with coupling e ciencies of
2{10%. We then demonstrate by full-wave simulation
of a smaller 20 20 coupler that, by increasing the
strength of the perturbation (e.g., increasing the |l frac-
tion and size of the coupler), our designs can be made
high-e ciency while preserving high mode counts, owing
to the avoidance of undesired transitions.

For rst-order scattering processes, the S-matrix be-
tween the free-space and waveguide modes is given by



Figure 5. (a) Band diagram of the 3D coupling scenario. Desired free-space modes are contained within some xed numerical
aperture. (b) Undesired out-couplings in the 3D case occur when the angle between successive Fourier components qa; Q2
is too small; (c) increasing the angle between qi;q2 ensures the undesired couplings lay outside the continuum, similar to
considerations of Fig. 3 in the 2D case. (d) A single Fourier component gqi may be used to couple a line of desired free-space
modes. For realistic refractive indices and numerical apertures, up to 16 Fourier components can be introduced while ensuring
no undesired couplings, proportionally increasing the number of coupled modes.

simple mode overlaps:
S = (ng)y Mfree; (8)

where M9 and M™®¢ are the matrices whose columns
contain the discretized spatial distributions of waveguide
and free-space modes respectively, and where is the
discretized diagonal matrix of the grating coupler de-
sign. Because the expressions for waveguide and free-
space modes are available analytically, the S-matrix of
Eqg. 8 can be evaluated very rapidly.

To obtain a design coupling NJot@).; > 150 modes,
we numerically maximize the rank of the perturbative S-
matrix given by Eqg. 8. To do this, we parametrize the
design susceptibility 9es9"(r) according to Eq. 1, where
we introduce 16 Fourier components according to Eq. 6,
and where we X the directions of the Fourier compo-
nents ¢ = Jg—J to ensure that all undesired couplings lay
outside the continuum. We then optimize the remaining
parameters, all C,, and jg,j, to maximize the numerical
rank of the S-matrix Eq. 8. To perform the optimization,
we maximize the following gure of merit:

FOM(S) = Tr[(SYS + ) '] )

where \Tr" denotes the matrix trace and is a Tikhono
regularization parameter. The objective originated in a
computational-imaging study [59] and is designed to in-
crease the minimal singular value of the matrix S (up to
a noise oor set by ), thus maximizing its (numerical)
rank. Notice that because S only contains the free-space-
to-waveguide block of the full S-matrix, S need not be
unitary.

The results of the optimization for LUPler = 100
are shown in Fig. 6 (a-d). The resulting design couples

150 free-space modes with coupling e ciencies of 2{10%.
Furthermore, as shown in Fig. 6(d), no undesired cou-
plings are introduced in the total S-matrix of the device,
which ensures that making the design larger will increase
coupling e ciency. As shown in Fig. 6(e), similar opti-
mizations for di erent values of NA and LCoUPler verify
our prediction of Eq. 7, showing that more modes can
also be coupled with larger coupler sizes and larger nu-
merical apertures of the desired modes.

As a complementary demonstration, in Fig. 7 we sim-
ulate a 20 20 design using Flexcompute’s high-
performance photonic simulation tool Tidy3D [60].
While Tidy3D’s extensive hardware and software opti-
mization allows for simulating structures of this size, in-
verse design for multimode objectives is still out of reach
due to the prohibitive cost of the many simulations re-
quired by the optimization. However, the predictions of
our theory can be tested even with non-optimized, non-
apodized, \simple" gratings. Standard single-function
grating coupler theory [28{30] dictates that a slab waveg-
uide mode incident on the grating coupler will out-couple
to the phase-matched free-space mode, with total out-
coupled power growing with the coupler length accord-
ing to the coupling rate per unit length, which is de-
termined by the coupler and incident eld pro les [30].
This picture extends to multifunctional grating couplers
if undesired couplings are avoided. Indeed, owing to the
absence of undesired couplings, a slab waveguide mode
incident on the coupler is only phase-matched to desired
free-space modes. Therefore, increasing the size of the
coupler will result in more power scattered into desired
modes, yielding a device with higher coupling e ciency.
This strategy may allow to achieve coupling e ciencies



Figure 6. (a) A large (100 100 ) perturbatively optimized design with maximal number of Fourier components, see Eq. 6, for
Nwg = 3:24. (b) A plane wave incident on the grating coupler region is coupled to slab waveguide modes propagating along 16
directions, corresponding to the 16 Fourier components comprising the design. (c) The design couples 150 modes with coupling
e ciency uniformly above 2%, (d) where only couplings between waveguide modes and desired free-space modes are non-zero,
with all undesired couplings suppressed. (e) Maximum number of modes coupled, by rank maximization of the S-matrix in
Eq. 8, grows linearly with design size and desired numerical aperture, in agreement with Eq. 7.

of up to 40% for coupling to Gaussian beams, beyond
which point apodization is necessary to ensure the am-
plitude pro le of the outgoing eld is Gaussian. In the
multifunctional setting, where any given slab mode need
not couple to a single Gaussian beam, but can instead
couple to any linear combination of the desired modes,
we expect the maximum coupling e ciencies that can be
achieved using this strategy may be even higher.

To verify the picture described above, we simulate a
coupler obtained by overlaying 4 identical periodic grat-
ings rotated by angles of 0; ; 5; 37, as shown in Fig. 7(a).
The resulting permittivity pro le has 8-fold discrete ro-
tational symmetry and is normalized such that the re-
fractive index everywhere lies between n®" = 1 and
nmax = 3:0. For further details on the design pro le,
cf. SM and our Github repo linked below [57]. By ex-
citing slab waveguide modes propagating along di erent
in-waveguide-plane directions and calculating their scat-
tered elds, we verify that the scattered elds result from
phase-matching, as shown in Fig. 7(b). We also verify
that increasing the design size results in higher coupling
e ciencies, since the propagating slab waveguide modes
have more length to radiate out. For the design shown
in 7, e ciencies between 6:6% and 13:1% were achieved
for each slab mode incident at the angles shown in 7(c).
Calculating the total scattering matrix and taking its sin-
gular value decomposition, we nd that the coupler en-

ables 100 linearly independent couplings with e ciencies
above 4%, as shown in 7(d), which exceeds the existing
designs in the literature both in the mode count and the
average coupling e ciency [2, 7, 51{53]. Further increas-
ing the coupler size would result in both higher coupling
e ciencies and higher mode counts, but doing so requires
larger-scale simulation capabilities.

IV. SUMMARY AND DISCUSSION

In this paper, we have developed basic design princi-
ples for many-mode (or \multi-functional™) grating cou-
plers. In generalizing the single-mode phase-matching
condition to many-mode scenarios, it is easy to identify
the various Fourier components necessary to enable the
desired, target \couplings" (scattering-matrix elements).
But there are a variety of unwanted couplings that can
materialize, including some non-obvious reciprocal cou-
plings, with potentially harmful e ects on attainable cou-
pling e ciencies. The best many-mode grating coupler
for scenarios of interest can bene t from a combination
of three approaches: creating as many \trivial" cou-
plings as the scenario allows, choosing non-trivial cou-
plings that ensure that undesired couplings lay outside
the free-space continuum, and using multilayer designs to
control, through interference, those undesired couplings
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= 1550 nm. (a) The coupler has 8-fold rotational symmetry
=2 where is

the propagation constant of the fundamental TE mode in the slab. The periods are chosen according to phase-matching, and
the angles of rotation are chosen to avoid undesired couplings. (b) Slab waveguide modes incident from di erent angles are
out-coupled to free-space modes that, in k-space, lay on the curves predicted by phase-matching and seen in Fig. 5. (c) The
modes at the shown incident angles have no undesired couplings, and outcouple at e ciencies between 6:6% and 13:1%. (d)
Distribution of the singular values of the desired sector of the S-matrix, demonstrating, for numerical aperture 1, e ciencies
between 4{30% for more than 100 orthogonal pairs of mode couplings.

which cannot be avoided. Using this framework, we de-
velop scaling laws that appear to work well even for com-
putationally inverse-designed grating couplers, and we
design numerical experiments demonstrating non-trivial
coupling for hundreds of independent modes.

Looking forward, our approach o ers a clear path to-
wards high-e ciency couplers from free space to on chip,
at the level of hundreds or thousands (or even more)
modes. Another paper from many of the same au-
thors [61] includes a nding that enforcement of fabri-
cation tolerances, minimum feature sizes, and robustness
considerations in the computational design process only
leads to modest e ciency penalties and no change in scal-
ing laws. In 3D, beyond our discussion above, there are
additional \knobs" o ering further degrees of freedom:
leveraging multiple frequencies, accessing higher-order
waveguide modes, tweaking beam-shaping coe cients,

and implementing multiple designable layers. A key en-
abler will be e ective numerical simulation at large scale,
whether through adiabatic [62, 63], T-matrix [64, 65],
GPU-based [60, 66], or integral-equation [54, 67] ap-
proaches. With such computational tools, and in tan-
dem with experimental demonstrations, we expect rapid
progress on highly e cient, many-mode, free-space-to-
on-chip couplers in the near future.
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I.  SUPPLEMENTARY INFORMATION TO SECTION Il
A. Limits to the multifunctionality of single-layer 2D couplers

For the undesired out-couplings to lay outside the continuum, the following inequalities must be satis ed for any
two successive frequencies); ! n+1 : (
(" ne1) On ! onn Qn=6 n)k (") (Con) b o K
(" n) QP on (" ner) (O on) P ontk

where the rst inequality prohibits the undesired out-coupling at frequency ! ,+1 and the second inequality does the
same for !, see Fig. S1. Assuming the frequencyd is xed, there exists ! 1} such that the inequalities Eqg. S1 are

; (S1)

satised for any ! n,y ! ™9 . The latter minimal higher frequency ! M7 is a function only of the lower frequency
I n, which we will denote by ! ™" (1), which can be found from solving Eq. S1 as equalities:
i ) M=t 1k

| min iy = | - . I 401

! M =max(! 1;!5); where!y;!, are de ned by ¢ 2) ()=1+k (S2)
For the undesired in-couplings to lay outside the continuum, we need

'n (0 o); foralln: (S3)
It is obviously su cient to apply the inequality Eq. S3 only to the highest frequency.
To determine the maximum number of frequencies 4;::;;! n¢ which can all simultaneously satisfy the inequalities

of Egs. S1 and S3, we rst choose some value for the lowest frequency land target wavenumber k = k;, and by
solving equations S2, we nd the next lowest !, satisfying inequalities S1. We then proceed by induction until at some
step n the next lowest frequency !, exceeds (!1), violating inequality S3, at which point the process is terminated
and the resulting n is the desired maximum number of frequencies N(! 1;k;) for the selected initial guesses ;K;.
Finally, we repeat the described procedure for all (discretized) pairs of initial values § 2 [0;! ™ Jand ky 2! 1;!1]
for some very large cuto frequency ! (e.g., ! "™ =c = 300 %) the maximum:
- YOk )

200 ezl 1] N sk (54
Carrying out the procedure described above for gy = 3:0 results in the heatmap for N' (! 1;k;) shown in Fig. S2,
from which we can determine that N' j,_. =3 = 4. Similar data of N ' (! 1;k;) was generated for every value of e
shown in the main text.



FIG. S1: Band-diagrams illustrating the inequalities (a) Eq. S1 prohibiting undesired out-couplings and (b) Eq. S3
prohibiting undesired in-couplings.

FIG. S2: For every point in the plot (a) shown in Fig. 3 of the main text, a heatmap (b) of N' (! 1;k;) was
generated according to the procedure described above. (c) For every point in the heatmap, an optimal set of
frequencies !3; ::;;! n was generated according to the discussion above. Throughout the gure, !;k are measured in
units of tzw—g where t*9 is the total thickness of the grating coupler.

B. Parameter and constraint counting for multilayer couplers

To couple N \generic" modes, we need to introduce N'" Fourier components, since for frequencies and wavevec-
tors in generic position we will have ¢ = (!j) ki 6= n(! m) K n = gnm for any (i;j) 6= (n;m). An example
of such generic coupling is shown in Fig. S3 (a), for three frequencies and three wavevectors. Notice that above we
temporarily deviated from the single-index notation q, of the main text to emphasize the general many-frequency,
many-wavevector coupling scenario to which the current considerations apply.

According to the idea of multilayer designs introduced in Section Il of the main text, all the layers must share the
same Fourier components ¢, but the complex Fourier coe cients C i'ayer are allowed to vary for each layer. Hence, for
each layer we have N'" degrees of freedom and the total number of degrees of freedom is therefore

N dof — N fun N Iayers: (85)

Having introduced N " Fourier components, we will create many undesired couplings in accordance with the ideas
described in Section Il of the main text. Generically, each Fourier component will enable one coupling from each
waveguide mode, with only one of these being desired and the other (N' 1) being undesired couplings, see Fig. S3
(b), resulting in a total of N undes = N fun (N fun 1) yndesired couplings. The total number of coupling rates to be
controlled in a multifunctional multilayer design is:

N constraints  — 2 N des +N undes — 2(N fun )2; (86)

where the factor of 2 takes account of the fact that both upward-going and downward-going couplings must be
controlled (in high-e ciency couplers, waveguide modes must only be strongly scattering up, while downward-going



FIG. S3: (a) Coupling N ™" generic modes requires introducing N'" couplings. (b) N generic couplings result in
(N 1) undesired couplings per desired coupling

radiation must be suppressed), and where N"es + N undes s the total number of \single-sided" couplings to be
controlled, since undesired couplings must be suppressed while the desired coupling rates must be kept high.

Il.  SUPPLEMENTARY INFORMATION TO SECTION III
A. Limit on the number of couplings in single-layer 3D couplers

As described in Section Il of the main text, to avoid undesired couplings, the angle between every pair of consecutive
Fourier components ¢,;gn+1 Of the 3D coupler must be large enough. The relevant geometry is shown in Fig. S4:
& must be chosen such that the line passing through the edge of the segment coupled by ¢pink segment of the
big circle) in the direction of @, is tangential to the light cone (solid black circle). As a result, the minimum angle
between two consecutive segments of waveguide modes which can be used for coupling is:

min _  big + small . (37)
where
bi o] 1
'0 = asin — = asin (S8)
N&g
and
.1 NA . NA
small = asin = asin — (S9)
wg
are the angles shown in S4. Note that ¢ = 1 was assumed throughout andfjg = 1 is e ective refractive index of the

waveguide mode in question (e.g., fundamental TE mode for the coupling scenario considered in Section Il of the
main text).

Because the grating coupler design permittivity must be real, if the permittivity pro le contains a Fourier component
g, it must also contain the Fourier component ¢, with possibly di erent Fourier coe cients C 4;Cq . Therefore, the
maximum number of Fourier components that can be introduced without undesired couplings is given by twice the
maximum number of integer multiples of ™" that can t in the [0; ] interval (as opposed to the [0;2 ] interval
which would have to be used without the g symmetry). From Eqgs. S7-S9, the number of Fourier components N7 is
thus

kb :
N% =2 . =2 S10
min asin slvfg + asin #v?g (510)

n



FIG. S4: To avoid undesired couplings, @ must be chosen such that every waveguide mode coupled vig do the
desired numerical aperture is coupled via g to outside the continuum, resulting in a minimum required angle of
min = big 4 small ‘\with b9 gnd smal shown in the gure.

B. Number of modes coupled by 3D designs

The number of modes coupled by a single coupling line shown in pink in Fig. S5 and in Fig. 5 of the main text can
be determined from the spacing between desired modes

2

des —
k ~ L coupler

(S11)
and the length of the line in k-space, given by 2k NA, see Fig. S5. The resulting number, denoted by /@ in the
main text is:

2kNA  KkLcoupler NA
2 =L coupler

N trivial / / KL coupler NA : (512)

FIG. S5: Spacing in momentum space between linearly independent free-space modes supported on the grating
coupler is determined by the grating coupler size aq_cfw. Total number of desired modes within a numerical
aperture NA coupled by a single Fourier component is then given by Eq. S12

The total number of modes coupled by N? couplings is:

NmodeS/N a9 N trivial /N @ kLcoupIer NA (513)



C. Details of perturbative calculations for multifunctional 3D grating couplers

In this subsection, we derive Eqg. (8) of the main text - an expression for the scattering matrix of an arbitrarily
patterned grating coupler shown in Fig. S6 in the limit when the patterning can be considered weak such that rst-
order perturbation theory may be applied. To do this, we write the wave equation for the electric eld E(r) in the
frequency domain using the scattered eld formulation [1]:

[r r +k ZEMES M=k *@MOE () (S14)

where k = 'E is the free-space wavenumber, ¢ = 1 will be assumed throughout the derivation; E°(r) is the incident
eld - a solution to the Maxwell's equations in the presence of unpatterned waveguide, as shown in Fig. S6; (r) is the
permittivity distribution of the grating coupler, and (r) = %)  “9(r) is the permittivity change introduced by
the grating coupler pattern ( V9(r) is the permittivity distribution of the unpatterned waveguide); nally, E  S°¥(r) is
the scattered eld, satisfying the Silver-Muller radiation conditions at jrj ! 1 [2]. The solution to Eq. S14 may be
written in terms of the dyadic electric and magnetic Green’s functions of the grating coupler as [1]:

(Escat(r): k 2 Gég!E (I’;I’O) (I’ O)Ei”C(rO)drO

Hs@l(r) =k 2 Gge™ (rr9 (r YE™ (r9dr” (S15)
where
g JelE — ¢ 1
_ Gge™ = I+ k—zgr Ggc (S16)
" GREE = )G
and where Gy is the scalar Green’s function of the grating coupler, satisfying
r2+k29MIGg(ir9=(rr 9% (S17)

Notice that the grating coupler Green’s function Gg itself depends on (r) in the sense that it may be expressed
as [3]:
Gee= 1+k2Gug = Gug; (S18)

which is nothing but the summed Born multiple scattering series.
To simplify the solution Eq. S15, we expand it to rst order in , which requires taking the zeroth-order approxi-
mation Gg4c = G wg in Eq. S18, and results in the following expressions for the elds:

(Eicat(r): k 2 GJgE (nr9 (r 9EM (r9dr®

Hicat(l’): k 2 G\JNE!H (I‘;I‘O) (I’ O)EinC(rO)drO (819)

HpipipE iplpEpEgn
[ o=

FIG. S6: (a) Incident eld is a solution to Maxwell’'s equations for the permittivity of an unpatterned slab
waveguide “9(r). (b) The scattered elds result from the grating coupler patterning prole (r)

We de ne the coupling amplitude to a slab waveguide mode (de ned on a line L parallel to the z-axis) a distance
r away from the center of the grating coupler, in the azimuthal direction , see Fig. S7 (a) as:

+1 [ mode y 0o P E scat
H mode r 0 H scat

[N

p_ E mode E scat p_
C(r; ) = r H mode H scat = rZ dz; (820)

1



where

AN

( Emode (Z) -E TEo(Z)

H mode (7) = H ;EO(Z) A+H IIED(Z) A (S21)

are the fundamental TE waveguide mode pro les, power-normalized such that% ETEo(z)H ?TEOdz = 1. We adopt
the de nition Eq. S20 because the overall coupling e ciency of the incident mode E™ to the slab waveguide can then
be expressed as

2
CE= je(r; )j 2d: (S22)
0

FIG. S7: To evaluate (a) the coupling coe cient c(r; ) of the scattered eld with a slab waveguide mode de ned on
a line L parallel to the z-axis going through (r; ), we use Rayleigh-Carson reciprocity argument (b-c) to replace the
integral of the scattered eld over L with an integral of the incident eld over the grating coupler region .

Exchanging the order of integration with respect to r and r°in Eq. S20 and using a standard Rayleigh-Carson
reciprocity argument [1], we can re-write the coupling coe cient c(r; ) as an integral over the grating coupler region.
To set up the reciprocity argument, we write:

o) Be= AT () Gl 9 (O (s23)
L

where is the grating coupler region and L is the line on which the considered waveguide mode is de ned, where the
\incident" electric and magnetic sources j"(r% are de ned using Eq. S19 as:

JEC)=k 2 (r 9EM(Y B =012, (S24)
and where the \modal" sources are de ned as:
R % Gz = rH @) (rr &9

S25
iR 0% S2)=r B ™e@) r &9 (529

Exchanging the order of integration and using Rayleigh-Carson theorem in Eq. S23, we obtain:
c(r; ) pl?: k 2 E™ds (¢ QEinc(rOqr0 (S26)

where the eld E™%: s the electric eld generated by the sources Eq. S25 in an unperturbed waveguide. Notice
that the modal sources Eqg. S25 are written in the form of the surface equivalence principle [1] and if these sources
were distributed across a surface with normal r} the resulting eld would simply be (E™%) . However, because the
sources are distributed across the line L, the eld E™%: decomposes into the transverse TE fundamental mode
pro le and a 2D pro le due to a dipole source at (r; ):

E moder; (r% ®z)=E TEo(z)H él)( k(r;) ¢ % 9k); (S27)

where is the propagation constant of the fundamental TE mode of the slab waveguide. Taking the point (r; ) where
we are trying to evaluate the coupling amplitude c(r; ) to be in the far eld, we have k(r; ) (r ¢ 9 1 and
using the asymptotic formulas for the Hankel functions, we have
r__
gmoder, % 9= %eifeil’\r 0;: (S28)



Substituting this back into Eq. S26, we have
cr; ) = e™ " OE™(rYdr® where = 2 et (S29)

We can cast this equation in the form of Eq. (8) of the main text by introducing matrices containing the waveguide
and incident mode pro le distributions. For this, let's discretize the grating coupler region such that r®2 is a
discrete set and such that r %is the discretized volume element. Suppose incident elds are labeled by their incident
wavevector k" and waveguide modes are labeled by the direction of their propagation it Then de ne matrices

r__
MY 9= 2ol 7d™ °and Mmfreeine. v = g ¢ (r9; (S30)

andview (r 9r Pasadiagonal matrix (r %r%:= (r 9r ° (r °r 9, where (r°r 9 is the Dirac delta function.
Finally, notice that c(r; ) is nothing but the (f;k '™¢)-entry of the S-matrix of the grating coupler. Using our newly
introduced matrix notation, we can write the integral for this matrix element in compact matrix notation:

S =(M W9y M free: (S31)

For more details on how Fig. 6 of the main text was generated, see the corresponding code [4].

D. Details of full-wave simulation of high-e ciency multi-functional couplers

The permittivity of the design considered in Fig. 7 of the main text is given by:

P
1+ 1 2 cos(qh 1)
— max 4 n=1 .
(nN=1+( 1) 5 ;

(S32)

where M = (n M)2 js the maximum permittivity corresponding to a maximum refractive index n ™ = 3:0 and
where g, = (cos zn;sinzn)j;n = 1;2;3;4, where is the propagation constant of the fundamental mode of the
slab with thickness t*¢ = 0:22 m when the operating wavelength is = 1550 nm . The slab waveguide mode was
launched using an array of dipole sources on the two-dimensional boundary of the grating coupler (including the
out-of-waveguide-plane direction) with dipole amplitudes varying according to the fundamental TE mode pro les, see
Fig. S8. Both upward- and downward-going radiation was calculated using eld monitors, see Fig. S8. It was found
that if the grating coupler was patterned on the top of the waveguide, more radiation was scattered down than up,
see Fig. S8, therefore coupling down was chosen as the primary direction and coupling e ciencies reported in the
main text are for coupling down. Notice that coupling up can be achieved by patterning the bottom of the waveguide
instead.

To view the Tidy3D notebook used to generate this gure and Fig. 7 in the main text, see [4].
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FIG. S8: (a) Design permittivity given by Eq. S32. (b-d) Fields of the incident slab waveguide mode in an
unpatterned waveguide, created using an array of modal sources on the boundary of the grating coupler region.
(e-g) The total elds due to the same sources as in (b-d) in the presence of the grating coupler. (h) Coupling
e ciencies up and down calculated using eld monitors above and below the grating coupler. If the grating coupler
is patterned on top of the waveguide, the coupling e ciency down turns out to be higher than up.
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